Simple Stresses 

Simple stresses are expressed as the ratio of the applied force divided by the resisting 
area or 


ct = Force / Area. 

It is the expression of force per unit area to structural members that are subjected to 
external forces and/or induced forces. Stress is the lead to accurately describe and 
predict the elastic deformation of a body. 

Simple stress can be classified as normal stress, shear stress, and bearing stress. 
Normal stress develops when a force is applied perpendicular to the cross-sectional 
area of the material. If the force is going to pull the material, the stress is said to be 
tensile stress and compressive stress develops when the material is being 
compressed by two opposing forces. Shear stress is developed if the applied force is 
parallel to the resisting area. Example is the bolt that holds the tension rod in its 
anchor. Another condition of shearing is when we twist a bar along its longitudinal axis. 
This type of shearing is called torsion and covered in Chapter 3. Another type of simple 
stress is the bearing stress, it is the contact pressure between two bodies. 

Suspension bridges are good example of structures that carry these stresses. The 
weight of the vehicle is carried by the bridge deck and passes the force to the stringers 
(vertical cables), which in turn, supported by the main suspension cables. The 
suspension cables then transferred the force into bridge towers. 



Normal Stress 


Stress 

Stress is the expression of force applied to a unit area of surface. It is measured in psi 
(English unit) or in MPa (SI unit). Another unit of stress which is not commonly used is 
the dynes (cgs unit). Stress is the ratio of force over area. 

stress = force / area 

Simple Stresses 

There are three types of simple stress namely; normal stress, shearing stress, and 
bearing stress. 

Normal Stress 

The resisting area is perpendicular to the applied force, thus normal. There are two 
types of normal stresses; tensile stress and compressive stress. Tensile stress applied 
to bar tends the bar to elongate while compressive stress tend to shorten the bar. 

P 

<T = — 

A 

where P is the applied normal load in Newton and A is the area in mm 2 . The maximum 
stress in tension or compression occurs over a section normal to the load. 

p p 



SOLVED PROBLEMS IN NORMAL STRESS 
Problem 104 

A hollow steel tube with an inside diameter of 100 
mm must carry a tensile load of 400 kN. Determine 
the outside diameter of the tube if the stress is limited 
to 120 MN/m 2 . 



Solution 104 


F = aA 
where: 


F = 400 kN = 400000 N 
a = 120 MPa 
A = - |n(10 02) 

= |ir(D2 - 10 000) 



100 D 


l P = 


= 4D0 kN 


thus, 


400 000 = 12Q[-L K(U± - 10 000)] 

400 000 = 30hD* - 300 OOOir 
_ 400 000-300 000?! 

* 30ti 

D = 119,35 nini 

Problem 105 

A homogeneous 800 kg bar AB is supported at either 
end by a cable as shown in Fig. P-105. Calculate the 
smallest area of each cable if the stress is not to exceed 
90 MPa in bronze and 120 MPa in steel. 

Figure P-105 



Solution 105 


By symmetry: 

F iT = P f .'=i(7S4S) 


= 3924 N 



For bronze cable: 
Ffer = OjrAjr 

3924 = 9QA* 

Aj r = 43.6 mm 1 


For steel cable: 


W = B00 kg = 7B4B N 


Psi = CJ it A*f 

3924 = 120A C 
Asr = 32.7 inm ] 


Problem 106 


The homogeneous bar shown in Fig. P-106 is 
supported by a smooth pin at C and a cable that runs 
from A to B around the smooth peg at D. Find the 
stress in the cable if its diameter is 0.6 inch and the 
bar weighs 6000 lb. 



Solution 106 

ZMc=0 



Problem 107 

A rod is composed of an aluminum section rigidly 
attached between steel and bronze sections, as shown 
in Fig. P-107. Axial loads are applied at the positions 
indicated. If P = 3000 lb and the cross sectional area 
of the rod is 0.5 in 2 , determine the stress in each 
section. 



Figure P-107 


Solution 107 



For steel: 

A f .t = .Pfi- 
(0.5) = 12 
ck = 2-1 ksi 

For aluminum: 

— Pi if 


Ga! (0.5) = 12 
g^ = 24= ksi 

For bronze: 

^hc -Abr = Ptr 

g^ (0.5) =9 
Gfr = IS ksi 


Problem 108 

An aluminum rod is rigidly attached between a steel rod and a bronze rod as shown in 
Fig. P-108. Axial loads are applied at the positions indicated. Find the maximum value of 
P that will not exceed a stress in steel of 140 MPa, in aluminum of 90 MPa, or in bronze 
of 100 MPa. 


Figure P-108 

Aluminum 



A = 

i Steel 

jA = 500 mm 2 

= 400 pi m 2 

\ 

EJ'onze 

A = 200 pi pi* 

t 


t 4P 


P 

2P 


2. 5 m 

2.0 m 

^ 1.5 m 



Solution 108 


For bronze: 
A&, = 2F 
100(200) = 2F 
F = 10 OQO N 


For altmiintim: 
oirAi = P 
90{400) = P 
P = *6 000 N 
For Steel: 

An = 5F 
F = 14 000 N 



Negative- (-) means conpiess'on 


For safe P, use P = 10 000 N = 10 kN 


Problem 109 

Determine the largest weight W that can be supported by two wires shown in Fig. P- 
109. The stress in either wire is not to exceed 30 ksi. The cross-sectional areas of wires 
AB and AC are 0.4 in 2 and 0.5 in 2 , respectively. 



Figure P-109 


Solution 109 


For wire AF: 

By sine law (bn the foiice po rygon]: 




w 


sin 4CF sin 50° 
T aI > = Q.6527W 
gajA™ = 0.65271V 
30(0.4) = 0.6527W 
W= 18.4 kips 


Tab 


Tk 



For wire AC: 

Tac _ W 
sin 60° sin S0° 
T a€ =0.S794W 


Tac ~ cacAac 
0„B7941V= 30(0.5) 
W= 17.1 kips 


Safe load W= 17.1 kips 



Problem 110 

A 12-inches square steel bearing plate lies between an 8-inches diameter 
wooden post and a concrete footing as shown in Fig. P-110. Determine 
the maximum value of the load P if the stress in wood is limited to 1800 
psi and that in concrete to 650 psi. 



Solution 110 

For wood: 

P u . 

= 1800 [-j ic{fP)] 

= 90 477.9 lb 

From PED of Wood: 
P=P ai =90477.9 lb 

For concrete: 

Pr = cjA 
= 650 ( 122 } 

= 93 600 lb 

From FED of Concrete: 
P = Pc = 93 6001b 


FED of Wood 




Safe load P = 90 478 lb 




Problem 111 

For the truss shown in Fig. P-111, calculate the stresses in members CE, DE, and DF. 
The crosssectional area of each member is 1.8 in 2 . Indicate tension (T) or compression 
(C). 



Solution 111 


D 



From die FED of die tmss: 
TMa = 0 
24 Rf? = 16(30) 

Rr = 20 k 

At joint F: 

Uv = 0 
|DF = 20 
DF = & 3^(q 


D 

DE 

Joint D 




LU 

L DE = 40 k 

^ "7 



EF 


, JO' 


CE 


At joint D: (by symmetry) 
BD = DF = 33-1 * (Q 

IPv = 0 

DE = lBD+ |DJ 

Ji 5 

= |(33i)+f(33i) 

= 40 * {T) 

At joint E: 

ZFv = Q 
fCE + 30 = 40 
CE = 16 1* (7) 


Joint E 


Stir esses: 

Sties:; = Force/ Area 

oce = = 9.26 ksi (TV 

1.8 


DF 



Joint F 


40 

o Dr = — =22.22 ksi (I) 
1.8 ^ ' 

^ = 18.52 ksi (Q 
l.S v J 


do ¥ = 


Problem 112 


Determine the crosssectional areas of members AG, BC, and CE for the truss shown in 
Fig. P-112 above. The stresses are not to exceed 20 ksi in tension and 14 ksi in 
compression. A reduced stress in compression is specified to reduce the danger of 
buckling. 



YIv = 0 
Rav = 40 + 25 
= 65^ 

TMa = 0 

IS R d = 3(25) + 4(40) 

R d = 20* 

£Fh = 0 
Rah = Rr = 20* 

Check: 

LMd = 0 

12R av = 13(R ah )+ 4(25) +3(40) 
12(65) = 13(20) + 4(25) + 3(40) 
730 ft kip = 730 ft kip (OK!) 


Solution 112 



AB 



For member AG. 

At joint A: 

ZF-, = 0 

-4-AB = ffi 
7TX 

n 

O 

= 78_12 k 
ZFh = 0 

AG + 20 = ^AB 
AG = ^ (73.12) - 20 
= 2Q.33 k Tension 


^ Lt ^Innalon-^-AG 

20.33 = 20 A AO 
A , .= 1.17 Ill- 



Section through MN 



For member BC: 

At section through MN 
TMp = 0 

6(^BQ = 12(20) 

BC = 2 o~Jn 

= 72.11 k Compression 

E rK pij?3SlfWl A ||C 

72_11 = 14 A&c 
Awe = 5.15 in 2 

For member CE: 

At joint D: 

ZF„=0 
-P- CD =20 

CD = 10-713 
= 36.06 l: 


iLJ-V = V 


DE = -jL CD 

-/3 


-F7- 
= 30 k 


(36.06) 



At joint E: 

ZF V = 0 
-j^EF = 30 

EF = 10^13 = 36.06 k 

£Frr = 0 
CE = -f=-EF 

= ir^ 06 ) 

= 20 : Compression 


20 =14 Ace 


A. i. = 1.43 in 2 


Joint E 



Problem 113 


Find the stresses in members BC, BD, and CF for the truss shown in Fig. P-113. Indicate 
the tension or compression. The cross sectional area of each member is 1600 mm 2 . 


B 



Solution 113 


B 



B 



For member BD: (See FED 01) 

TMc = 0 
3( j BD) =3(60) 

BD = 75 kN Tension 

BD — cjbp A 
75 (1000) = cbd (1600) 

OriD = 46.875 MPa (Tension) 

For member CP: (See FBD 01) 

TMd = 0 

4(^CF) = 4(90} +7(60) 
CF=195-Jl 

= 275.77 fcl\" Compression 
CF = ctcf A 

275.77 (1000) = otr (1600) 

ocf = 172.357 MPa (Compression) 

For member BC: (See FBD 02} 

SMp = 0 

4EC = 7(60) 

BC = 105 kM Compression 
BC = cfn^ A 

105 (1000) =0^(1600) 

cfbc = 65.625 MPa (Compression) 


Problem 114 

The homogeneous bar ABCD shown in Fig. P-114 is supported by a cable that runs from 
A to B around the smooth peg at E, a vertical cable at C, and a smooth inclined surface 
at D. Determine the mass of the heaviest bar that can be supported if the stress in each 
cable is limited to 100 MPa. The area of the cable AB is 250 mm 2 and that of the cable 
at C is 300 mm 2 . 


- 



2m B 2m C 2 

Figure P-114 


Solution 114 



w 


£Fff = 0 

Tab cos 30 d = J?r:. sin 50 D 
R d = 1. 13057^ 

ZF V = 0 

Tab sin 30 3 - Tab + Tc + Rd cos 50 d = W 
Tab sin 30° - Tab + T c + (1.13057^) cos 50 3 = W 
2.2267Tab + Tc = W 
Tc = W- Z2267 Tm 

SMb=0 

6(T ab sin 30 D ) + 4 Tab + 2T i: = 3W 
7T A s + 2(W- Z2267T A b) = 3W 
2.5466Tab=W 
Tab = 0.3927W 


T c = W- 2.2267 r rt a 

= W— 2.2267(0.3927W) 
= 0.1256TV 

Based on cable AB: 

Tab = o^juAai 
Q,39271V= 100(250) 

W= 63 661. S3 N 


Based on cable at C: 

Tst = C3t Ac 

0.1 256 100(300) 

W=23B 853.50 N 

Safe weight W= 63 669.92 N 
W= mg 

63 669 92 = m (9.51) 
m = 6 490 kg 
= 6.49 Mg 


Shearing Stress 

Forces parallel to the area resisting the force cause shearing stress. It differs to tensile 
and compressive stresses, which are caused by forces perpendicular to the area on 
which they act. Shearing stress is also known as tangential stress. 


T = 


V_ 

A 


where V is the resultant shearing force which passes which passes through the centroid 
of the area A being sheared. 



Smgle Shear 



Double Shear 

SOLVED PROBLEMS IN SHEARING STRESS 


Problem 115 

What force is required to punch a 20-mm-diameter hole in a plate that is 25 mm thick? 
The shear strength is 350 MN/m 2 . 


Solution 115 



The resisting area is the shaded area 
along the perimeter and the shear force 
V is equal to tlie punching force P. 


V= xA 

P = 350 [;n: (20) (25)] 
= 549 77E.7 N 
= 349 .8 kS 


2D 


25 mn 


Problem 116 


As in Fig. 1-llc, a hole is to be punched out of a plate having a shearing strength of 40 
ksi. The compressive stress in the punch is limited to 50 ksi. (a) Compute the maximum 
thickness of plate in which a hole 2.5 inches in diameter can be punched, (b) If the 
plate is 0.25 inch thick, determine the diameter of the smallest hole that can be 
punched. 


Solution 116 


1 ' 



Figure 1-llc 


(a) Mavmuun thickness of plate: 

Based on puncher strength: 

P = <jA 

= 5C[i*(Z5 1 )] 

= 7S.125n kips -> Equivalent shear to-ce nf the plate 
Based on shear strength of plate: 

V = t A -> v = P 

7S.125ti = 40[7i(2.5i)] 
t = CL7S1 inch 


(b) Diameter of smallest hole: 

Based on compression of puncher: 

P = o A 
= 50(| Tid 1 ) 

= 12.571^ Equivalent shear force for pate 


Based on shearing of plate: 
V = t A -> v = P 

lZ5jr^=40[iri(0.25)] 
d = 0.8 in 


Problem 117 

Find the smallest diameter bolt that can be used in the clevis shown in Fig. 1-llb if P = 
400 kN. The shearing strength of the bolt is 300 MPa. 


Solution 117 



Figure i-lib 


The bolt is subject to double shear. 
V= x A 

400(1000} = 300(2(171^-)] 
d = 29.13 mm 


Problem 118 

A 200-mm-diameter pulley is prevented from rotating relative to 60-mm-diameter shaft 
by a 70-mm-long key, as shown in Fig. P-118. If a torque T = 2.2 kN-m is applied to the 
shaft, determine the width b if the 
allowable shearing stress in the key is 60 MPa. 


Figure P-II8 


T 



Solution 118 



for shear 

rou orpin 


T= 0.03 F 
2.2 = 0.03 P 
F = 73.33 kN 

V = iA 

Where: V = F = 7333 kN 

A = 7Qb; r = 60MP-a 

73.33(1000) = 60(7 Ob) 
b = 17.46 nun 



Problem 119 

Compute the shearing stress in the pin at B for the member supported as 
shown in Fig. P-119. The pin diameter is 20 mm. 



Solution 119 


From the FED: 

TMc=0 

0J25Rbv = 0.25(40 sin 35°) 



Vis - In A -> double shear 

59.076 (I0O0) = t b {2[-^ jt(20 2 )]) 
t b = 94.02 MPa 


Problem 120 


The members of the structure in Fig. P-120 weigh 200 Ib/ft. Determine the smallest 
diameter pin that can be used at A if the shearing stress is limited to 5000 psi. Assume 
single shear. 



Solution 120 


For member AB: 
Length, Us = V^+4 2 


= 5.66 ft 

Weight, Wjvb = 5.66(200) 
= 1132 lb 



ZM, = 0 

4Rn ? r + 4Er lV = 2 Wab 

4Rj»r ~ 4R.nv = 2(1132) 

Rbs{ + Rsv ~ 566 — > ( 1 ) 

For member EC: 

Length, Lbc = V3 J - 6“ 

= 6.71 ft 

Weight, Hfe = 6.71(200) 

= 1-342 lb 



TMc = 0 

6Rn? r - 1 . SlVi),.-- - 3Rriy 
— SpLjiy = 1.5(13423 
2Rflff - Rev = 671 — > (2) 

Add equations (1) and (2) 

- Rjgy = 566 — > (1) 

2R.n? r ~ Rsv = 671 — > (2) 

3 Rm =1237 

R m = 412.33 lb 

From equation (1): 

412.33 + R bv = 566 
R EV = 153.67 lb 

From Hue FED of member AB 
EFh = 0 

Rah = Rp.u = 412.33 lb 


TFv = 0 
Rav + Rev = 

Rav + 153.67 = 1132 
Rav = 97S.33 lb 


^ ~ - -&-AV 1 

= V412.33 2 + 973.33 s 
= 1061 .67 lb -> shea- force of pin at A 

V= x A 

1061.67 = 5000(1^) 
d = '0:520 in 

Problem 121 

Referring to Fig. P-121, compute the maximum force P that can be applied by the 
machine operator, if the shearing stress in the pin at B and the axial stress in the 
control rod at C are limited to 4000 psi and 5000 psi, respectively. The diameters are 
0.25 inch for the pin, and 0.5 inch for the control rod. Assume single shear for the pin 
at B. 



Solution 121 

[ ZM H = 0 ] 
[EF r ,= 0] 


[SF V = Q] 



6F = 2XsinlG° -> (1) 

Bh = T COS 10° -J from (l) r T = 3P/sin 10 & 
B H = (SF/sinKT) cos 10° 

= 3 cot 10 " P 

Bv = T sin 10° + F-> fram (1),. T an 10* = 3P 
B v = 3F + F 
B V = 4F 

Rt? = B^ + B^ 

Rb 2 = (3- cot 10° Ff*(4F) 2 
Rj? = 305.47P J 
R* = 17.4SF 
F = Rb/17.43 (z) 


Based on tension of rod (equation 1): 
F = jTsmlO" 

F = 4 [3000 x * 71(0.5)^] sin 10" 

F = 56.83 lb 

Based on s-lieac of rivet (equation 2): 
F = 4000 x | ti(0. 25) 2 /17.4S 

F = 11.23 lb 
Safe load F = 11.23 lb 


Problem 122 


Two blocks of wood, width w and thickness t, are glued together along the joint inclined 
at the angle 6 as shown in Fig. P-122. Using the free-body diagram concept in Fig. l-4a, 
show that the shearing stress on the glued joint is t = P sin 20/2A, where A is the cross- 
sectional area. 


F| 



Figure l-4a No-rid a-d shear consonants af the 
resultant an arbitrary section, 



Solution 122 



Shear area, A* car — t (W CSC 0) 

= tiV CSC 0 
= A CSC 0 

Shear fence, V = P cos 0 

k = li^Krar 

P COS 0 = l(A CSC 0) 

T = P sin 0 COS 0 / A 
= P (2 sin 0 cos 0} / 2A 
= F sin 20 / 2A ' (ok!) 


Problem 123 

A rectangular piece of wood, 50 mm by 100 mm in cross section, is used as a 
compression block shown in Fig. P-123. Determine the axial force P that can be safely 
applied to the block if the compressive stress in wood is limited to 20 MN/m 2 and the 
shearing stress parallel to the grain is limited to 5 MN/m 2 . The grain makes an angle of 
20° with the horizontal, as shown. (Hint: Use the results in Problem 122.) 



Solution 123 


p 



Based on maximum compressive stress: 
Normal force: 

N = F cos 20° 

Normal area: 

Aw = 50 (100 sec 20 D ) 

= 532Q.S9 mm 2 

N = oAm 

P cos 20° = 20 (5320.39) 

F =113 247 N 
= 133.25 kN 


Based on maximum shearing stress: 
Shear force: 

V = F sin 20° 


Shear area: 

A v = Aw 

= 5320.39 mm 2 

V = xAv 

P sin 20 D = 5 (5320.39) 
P = 77 736 N 
= 77.79 kN 


For safe compressive force, use P = 77.79 kX 



Bearing Stress 

Bearing stress is the contact pressure between the separate bodies. It differs from 
compressive stress, as it is an internal stress caused by compressive forces. 





SOLVED PROBLEMS IN BEARING STRESS 


Problem 125 

In Fig. 1-12, assume that a 20-mm-diameter rivet joins the plates that are each 110 
mm wide. The allowable stresses are 120 MPa for bearing in the plate material and 60 
MPa for shearing of rivet. Determine (a) the minimum thickness of each plate; and (b) 
the largest average tensile stress in the plates. 


p 

4 

CD 

1 

1 

1 

110 mm 

i 

P 

> 

p 

i — Zfl-min 0 

1 1 r ft 

T777s777777777777T~*T^fy7~ r 7771 v 

P 


Figure 1-12 



Solution 125 

(a) From shearing of rivet: 

F = lArlvrls 

= 6000jtN 

From bearing of plate material: 

F = *JbAb 
6QO0E = 120(200 
t = 7.S5 nun 

(b) Largest average tensile stress in the plate: 
F = <jA 

6000 jt = tr [7.85(110 - 20)] 
cr = 26.67 MPa 


Problem 126 

The lap joint shown in Fig. P-126 is fastened by four 3 /4-in. -diameter rivets. Calculate 
the maximum safe load P that can be applied if the shearing stress in the rivets is 
limited to 14 ksi and the bearing stress in the plates is limited to 18 ksi. Assume the 
applied load is uniformly distributed among the four rivets. 


t 1 

4 in 

1 i 

4 

4- 

4- 

4 


p 

7/B in 

— fh- 

o 

-ff 

7/8 

1 TP 

in 

A. L 



'•U j 

-tl 

A 

J * 


Solution 126 

Based on shearing of rivets: 

F = t A 

F = 14[4(A- Jl )(|)-] 

F = 24.74 kips 

Based on bearing of plates: 

F = crb Ab 
F=1S[4 (f)(f)] 

F = 47.25 kips 

Safe load P = 24.74 kips 

Problem 127 

In the clevis shown in Fig. 1-llb, find the minimum bolt diameter and the minimum 
thickness of each yoke that will support a load P = 14 kips without exceeding a shearing 
stress of 12 ksi and a bearing stress of 20 ksi. 



Figure 1-1 lb 


Solution 127 


For shearing of rivets (double 
shear) 

F = tA 

14 = 12[2 (ind 1 )] 

d = 0.8618 in -> dimieter of bolt 

For bearing of yoke: 

F = Ob Ab 

0,s pT To'EP 14 = 20[2(0_8618 t) } 

W i= 0.4061 in thickness of yoke 



Problem 128 

A W18 x 86 beam is riveted to a W24 x 117 girder by a connection similar to that in 
Fig. 1-13. The diameter of the rivets is 7/8 in., and the angles are each 4 x 31/2 x 3/8 
in. For each rivet, assume that the allowable stresses are x = 15 ksi and o b = 32 ksi. 
Find the allowable 
load on the connection. 



Figure 1-13 



Solution 128 

Note: Textbook is Strength of Materials 4th edition by Pytel and Singer 

Relevant data from the table (Appendix B of 
textbook): Pn^arizes of Wide-Range Sections (W 

shapes) : LLS. Custotnaiy Units 

Designation Web thickness 

W1S x Sti 0.430 in 

W24 x 117 0.550 in 

Shearing strength of l ivets: 

There are S single-shear rivets in the girder and 4 
double-shear 1 (equivalent to 3 single- shear 1 ") in the 
beam thus, the shear strength of rivets in girder and 
beam are equal. 

V = xA=l5[*rc(£>*(B)] 

V = 72.16 kips 

Bearing strength on the girder: 

The thickness of girder W24 x 117 is 0.550" while that 
of the angle clip L4 x 3 4- x is " or 0.375", thus, 
the critical in bearing is the clip. 

P = o b A b = 32[|(0.375)(S)] 

P = S4 kips 

Bearing strength on the beam 

The thickness of beam W18 x 86 is 0.480""' while that of 
the dip angle is 2 x 0.375'"" = 0.75" (dip angles are on 
both sides of the beam), thus, the critical in bearing is 
the beam. 

F = c b Ab=32[|-(0.4SO)(4)] 

F = 53.76 kips 

The allowable load on the connection is P = 53.76 kips 


Problem 129 

A 7/8-in. -diameter bolt, having a diameter at the root of the threads of 0.731 in., is 
used to fasten two timbers together as shown in Fig. P-129. The nut is tightened to 
cause a tensile stress of 18 ksi in the bolt. Compute the shearing stress in the head of 
the bolt and in the threads. Also, determine the outside diameter of the washers if their 
inside diameter is 9/8 in. and the bearing stress is limited to 800 psi. 



Figure P-127 


Solution 129 



Tensile force on. the bolt: 
P=oA = 18 [|^} 2 ] 

P =10.82 kips 


Shearing stress in the head of the bolt: 
r = P = 10.52 
A ~ *&)({) 
t = 7.S72 ksi 


Shearing stress in the threads: 
_ P _ 10.52 

T A = 7i(a731)(f) 

r = 7.533 ksi 

Outside diameter of washer 
F = Of, A b 


d 

< > 



9/B in 
Washer 


10.82(1000) = S0O{^ic[iP - (f) 2 ]) 
d = 4.3 in 


Problem 130 

Figure P-130 shows a roof truss and the detail of the riveted connection at joint B. Using 
allowable stresses of t = 70 MPa and o b = 140 MPa, how many 19-mm diameter rivets 
are required to fasten member BC to the gusset plate? Member BE? What is the largest 
average tensile or compressive stress in BC and BE? 



D 



Solution 130 


BC 


AC ^ C 


-A CE 


1 t 

% kN 
Joint C 


At Joint C: 

ZFv = G 

BC = 96 kT\ (Tension) 

Consider the section 
through member BD, 

BE, and CE: 

EMi = 0 
S( 4 BE) =4(96) 

BE = SO kM (Compression) 





For Member BC: 

Based on shearing of rivets: 

BC = r A 

Where A = area of 1 nvet y - number of rivets, n 
96 OQO = 7Q[ -j n(19 2 )ii] 
n = 4.8 say 5 rivets 


Based on bearing of member: 

BC = UiAb 

Where An = diameter of rivet y thickness of BC * 
number of rivets, n 
96 000 = 140[19(6 )?j] 
n = 6.02 say 7 rivets 

use 7 rivets for member BC 


For member B E: 

Based on shearing of rivets: 

BE =tA 

Where A = area of 1 rivet x number of rivets, n 
SO 0QQ = 7O[|n(19>] 
n = 4.03 say 5 rivets 


Based on bearing of member: 

BE = at A* 

Where A* = diameter of rivet thickness of BE x 
number of rivets, n 
SO 000 = 140[19(13 )r] 
n = 2.3 say 3 rivets 

use 3 rivets for member BE 

Relevant data from tire table (Appendix B of 
textbook): E roper l res of Equal Angle Sections: SI Units 



d = diameter aF rivet n ole 
Note: 

A = Aied - dt 


Designation Area 

L75 x 75 x 6 S64mm? 

L75 x 75 x 13 1780 mm- 


Tensile stress of member BC (L75 x 75 x 6): 
= P 96(1000) 

A 864-19(6) 
a = 128 Mpa 


Compressive stress of member BE (L75 x 75 x 13): 
= P_ = 80(1000) 

A 1790 

a = 44.94 Mpa 


Problem 131 


Repeat Problem 130 if the rivet diameter is 22 mm and all other data remain 
unchanged. 

Solution 131 

For member SC: 

F = 96 kN (Tension) 


Based on shearing of rivets: 
F = tA 

96 0QO =70[±tc( 2 2*) n] 
n = 3.6 say 4 rivets 


Based on bearing of member: 
F = cr b Ab 

96 000 = 140[22{G)?j] 
h = 5.2 say 6 rivets 

Use 6 rivets for member EC 

Tensile stress: 

= F_ = 96(1000^ 

° A £64 - 22(6) 

cr = 131.15 MPa 

For member BE: 

F = SO kN (Compression) 

Based on shearing of rivets: 

F = t A 

SO 000 = 70[\%{22 1 )n] 
n = 3.01 say 4 rivets 


Based on bearing of member: 

F = Ob At 

SO OQO = 140[22{13)n] 
n = 1.99S say 2 rivets 


use 4 rivets for member BE 

Compressive stress: 

_ P _ 30(1000) 

U ~ ~A 1730 

cr = 44.94 MPa 



Thin-Walled Pressure Vessels 

A tank or pipe carrying a fluid or gas under a pressure is subjected to tensile forces, 
which resist bursting, developed across longitudinal and transverse sections. 

TANGENTIAL STRESS 

(Circumferential Stress) 


Consider the tank shown being subjected to an internal pressure p. The length of the 
tank is L and the wall thickness is t. Isolating the right half of the tank: 



F = pA = pDL 

i — Of A W jii — Or ;L 

[ EFjr = 0 ] 

F = 2T 

pDL = 2(cr r tL) 

vD 


If there exist an external pressure p 0 and an internal pressure p if the formula may be 
expressed as: 


_ _ fa ~PJ D 

CT( 

2 ± 

LONGITUDINAL STRESS, o L 

Consider the free body diagram in the transverse section of the tank: 



The total force acting at the rear of the tank F must equal to the total longitudinal stress 
on the wall P T = cr L A waM . Since t is so small compared to D, the area of the wall is close 
to jtDt 


F = pA = pjD 2 


F 7 = (j[_ TlDf 

[ ZF.r = 0 ] 
P t =F 


o;. rcDf = 



If there exist an external pressure p 0 and an internal pressure p lf the formula may be 
expressed as: 


C L = 


(?; ~P, ) p 

4f 


It can be observed that the tangential stress is twice that of the longitudinal stress. 


ot = 2 o L 


SPHERICAL SHELL 

If a spherical tank of diameter D and thickness t contains gas under 
a pressure of p, the stress at the wall can be expressed as: 



SOLVED PROBLEMS IN THIN WALLED PREASSURE VESSELS 


Problem 133 

A cylindrical steel pressure vessel 400 mm in diameter with a wall thickness of 20 mm, 
is subjected to an internal pressure of 4.5 MN/m 2 . (a) Calculate the tangential and 
longitudinal stresses in the steel, (b) To what value may the internal pressure be 
increased if the stress in the steel is limited to 120 MN/m 2 ? (c) If the internal pressure 
were increased until the vessel burst, sketch the type of fracture that would occur. 


Solution 133 



(a) Tangential stress ( o"-oitud'nal section): 
F = 2T 

pDL = 2{CTr fL) 

pD _ 45(400) 

~2t 2(20) 

45 MPa 


Longitudinal Section 


ag = 


Longitudinal Stress {tra"sw'se section): 
F = F 

-J- eD 2 ^ = Gl (71 Dt) 


ar : 


pD _ 4.5(400) 


4f 4(20) 
err = 22.5 MPa 






Transverse Section 


t?D pD 

(b) From (a), a c = - L ^- and err = thus, c r = 2a;, 

tins shows that tangential stress is the critical. 

pD 


cr g = 


2 1 


120 = M 
2 ( 20 ) 

F = 12 MPa 


(c) The bursting force will cause a stress on the 
longitudinal section that is twice to that of the 
transverse section. Thus, fracture is expected as 
shown. 



Ejected fidCtuie 
w n en inters I 
pressure is 
ncreased unti 
the vessel bui^st 


^00 mm 
internal 
diameter 


Problem 134 

The wall thickness of a 4-ft-diameter spherical tank is 5/16 in. Calculate the allowable 
internal pressure if the stress is limited to 8000 psi. 


Solution 134 



pressure 

distribution 

died 

Total I 
pressure, F 


Total internal pressure: 
P = p{ ± JtD z ) 

Resisting wall: 

F=F 


Cul = p(-j-ItD 2 ) 
cr(7iDf) =p(|nD 2 ) 



sooo= Ft 4 * 12 ) 

Ml) 

p = 208.33 psi 


Problem 135 

Calculate the minimum wall thickness for a cylindrical vessel that is to carry a gas at a 
pressure of 1400 psi. The diameter of the vessel is 2 ft, and the stress is limited to 12 
ksi. 


Solution 135 

The critical stress is the tangential stress 
■pD 


12 000 = 


1400(2x12) 

It 


t = 1.4 in 


Problem 136 

A cylindrical pressure vessel is fabricated from steel plating that has a thickness of 20 
mm. The diameter of the pressure vessel is 450 mm and its length is 2.0 m. Determine 
the maximum internal pressure that can be applied if the longitudinal stress is limited to 
140 MPa, and the circumferential stress is limited to 60 MPa. 


Solution 136 



Based on circumferential stress (tangential]: 
ZFv = 0 
F = 2X 

p(DL) = 2(<i t Li) 



p = 5.33 MPa 



Based on longitudinal stress: 
F = P 

p\±xD 2 } = Oi(7i Df) 




p = 2489 MPa 


Use p = 5.33 MFa 


Problem 137 

A water tank, 22 ft in diameter, is made from steel plates that are Vi in. thick. Find the 
maximum height to which the tank may be filled if the circumferential stress is limited 
to 6000 psi. The specific weight of water is 62.4 lb/ft 3 . 


Solution 137 



CT ( = 6000 psi 

6000 lb (12 in'. 2 

“■'-sHrirl 

u t = Stii 000 lb/ft 2 


Assuming pressure 
distribution to be uniform: 
p = yh = 62_4ft 
F = vA = 62.4ft(Dft) 

F = 62.4(22}ft- 
F = 1372.8ft* 



J = c = S64 Q00(£ft) 
T=364O0G(|xi)jt 
T=36 000ft 


ZF = 0 
F = 2T 

1372. Sft 2 = 2(36 000ft) 
ft = 52.45 ft 

C ummeiit: 

Given a free cm 1 face of water, the actual pressure 
distribution on die vessel is not uniform It varies 
linearly from 0 at the free surface to yft at die bottom 
(see figure below) . Using tills actual pressure 

distribution, the total hydrostatic pressure is reduced 
by 50%. This reduction of force will take our design 
into critical situation; giving us a maximum height of 
200% more than the ft above. 


Pressure 

DagidTi 



Based on actual pressure distribution: 
Total hydrostatic force, F: 

F = volume of pressure diagram 
F= \ (yfc^D =-| (62.4*1(22) 

F = 686.4ft 2 


£M* = 0 

2T(ift)-F(ift)=0 
I=^F 

or ( (fti) = 2- (6S6.4M) 

3c r t _ 3(864 000)(|x^> 
l ~ 6S6.4 
ft = 157.34 ft 



, 

i. 

A* 

1 f2 h 


\ 1/3 h 


i_ 



6S6.4 


Problem 138 

The strength of longitudinal joint in Fig. 1-17 is 33 kips/ft, whereas for the girth is 16 
kips/ft. Calculate the maximum diameter of the cylinder tank if the internal pressure is 
150 psi. 



Solution 138 

Internal pressure, p\ 

f , 150p51 ,____j 

p = 21 600 lb/ ft 2 



For longitudinal joint (tangential stress): 
Consider 1 ft length 
F = 2T 
pD = 2cr t i 
pD 

as= 

It 

33000 = 21600 D 

t It 

D = 3.06 ft = 36.67 in 



For guth joint (longitudinal st'-ess): 
F=P 

p ( -1 kD 1 ) = <r r (i iDt) 



16000 _ 21600 D 
i 4 1 


D = 2.96 ft = 35.56 in. 


Use the smaller diameter, D = 35.36 in. 


Problem 139 


Find the limiting peripheral velocity of a rotating steel ring if the allowable stress is 20 
ksi and steel weighs 490 lb/ft 3 . At what revolutions per minute (rpm) will the stress 
reach 30 ksi if the mean radius is 10 in.? 


Solution 139 


sieel ling of 



Centrifugal Force, CF: 

CF = Afw 2 T 

, „ W yV 

where: M = — = - — 

8 8 

£0 = v/R 

x =2R/n 


vnRA 


CF = - 


’Tim) 


CF = 


2yAv~ 


2T= CF 

2oA=^ 

8 


S 

Fran the given data: 

d = 20 ksi = (20 000 Ib/in2)[12 in/ftja* 
cr = 2 BBC 000 Ib/ft2 
V = 490 lb/ft? 


2 880 000 = 


490p 2 

32.2 


u = 435.04 ft/ sec 


When cr = 30 ks i, and R = 10 in 

rr 2 

cr = 


YU 


Cr 


30 000(12-) = 


4 90?- 
32.2 


u = 532.81 ft/ sec 


532.81 

“' !,/r 'm7I2 

co = 639.37 rad/ sec 

639.37 rad 1 rev 

£0= x : 

sec 2;ir rad 

co = 6,103. 54 rpm 


60 sec 
1 min 


Problem 140 


At what angular velocity will the stress of the rotating steel ring equal 150 MPa if its 
mean radius is 220 mm? The density of steel 7.85 Mg/m 3 . 

Solution 140 

CF = Mn 2 x 

Where: M=p V=pA%R 
x = 2R/n 

CF = pAxRrit (2Rfn) 

CF = IpARkr? 


Problem 141 

The tank shown in Fig. P-141 is fabricated from 1/8-in steel plate. Calculate the 
maximum longitudinal and circumferential stress caused by an internal pressure of 125 



2T= CF 
2c eA = 2pARhr? 

cr = 

Fran the give" (Nate: i N = 1 kgm/sec*): 


a = 150 MPa 

= 150 000 000 kgm/sec^-m 1 
= 150 000 000 kg/n-aeF 
p = 7.05 Mg/m 3 = 7E50 kg/m 3 
R = 220 mrr = 0.22 ti 


FBD of Ring in Rotation 


150 000 000= 7B5O(0.22)2a* 
co = 62S.33 racysec 


psi. 



Figure P-141 


Solution 141 



Longitudinal Stress: 

F = pA = 125 [1.5(2) + 4- n{1.5) i ](12) 2 
F = 85 S0B.62 llis 


5ee d'Tiensbns in Fig. P-141, 
(hicknessr t = 1/3. in. 


F = F 

or [2(2 x 12) (§) + %(13 x 12) (|) ] = 85 S0S„62 

cr r = 6 566.02 psi 
cr r = 6.57 ksi 



Circumferential Stress: 


F = pA = 125 [(2 x 12>L + 2(0.75 x 12) L] 
F = 5250L lbs 


■% 2 T=F 


2[a f (l)L] = 5250L 

Ci = 21 000 p=i 

(Ji = 21 ksi 


Problem 142 

A pipe carrying steam at 3.5 MPa has an outside diameter of 450 mm and a wall 
thickness of 10 mm. A gasket is inserted between the flange at one end of the pipe and 
a flat plate used to cap the end. How many 40-mm-diameter bolts must be used to hold 
the cap on if the allowable stress in the bolts is 80 MPa, of which 55 MPa is the initial 
stress? What circumferential stress is developed in the pipe? Why is it necessary to 
tighten the bolt initially, and what will happen if the steam pressure should cause the 
stress in the bolts to be twice the value of the initial stress? 

Solution 142 

i — r!sn 


F = <jA 

= 3.5[ix(43(F)] 

= SOS 270.42 N 

F= F 

(cy^Jn =508 270.42 N 
(S0-55)[X-jr(4CF)]« = 50S 270.42 
n = 16.19 say 17 bolts 


Discussion: 

It is necessary to tighten the bolts initially to press the 
gasket to the flange, to avoid leakage of steam. If the 
pressure will cause 110 MFa of stress to each bolt 
causing it to fail, leakage will occur. If this is sudden., 
the cap may blow. 




Circumferential stress [consider 1-m strip): 
F = pA = 3-.5[430(1000)] 

F = 1 505 OOQ N 


2T= F 

2 [Of (1000)(10)] = 1 505 000 
cr £ = 75.25 MFa 



Strain 
Simple Strain 


Also known as unit deformation, strain is the ratio of the change in length caused by the 
applied force, to the original length. 




p 


£> 

e = — 

L 

where 5 is the deformation and L is the original length, thus s is dimensionless. 

Stress-Strain Diagram 

Suppose that a metal specimen be placed in tension-compression testing machine. As 
the axial load is gradually increased in increments, the total elongation over the gage 
length is measured at each increment of the load and this is continued until failure of 
the specimen takes place. Knowing the original cross-sectional area and length of the 
specimen, the normal stress a and the strain e can be obtained. The graph of these 
quantities with the stress c along the y-axis and the strain e along the x-axis is called 
the stress-strain diagram. The stress-strain diagram differs in form for various 
materials. The diagram shown below is that for a medium carbon structural steel. 

Metallic engineering materials are classified as either ductile or brittle materials. A 
ductile material is one having relatively large tensile strains up to the point of rupture 
like structural steel and aluminum, whereas brittle materials has a relatively small strain 
up to the point of rupture like cast iron and concrete. An arbitrary strain of 0.05 
mm/mm is frequently taken as the dividing line between these two classes. 



o 


Stra'n, s 


PROPORTIONAL LIMIT (HOOKE'S LAW) 


From the origin O to the point called proportional limit, the stress-strain 
curve is a straight line. This linear relation between elongation and the 
axial force causing was first noticed by Sir Robert Hooke in 1678 and is 
called Hooke's Law that within the proportional limit, the stress is directly 
proportional to strain or 



Robert Hooke 


C oc E Ol' CT = k E 

The constant of proportionality k is called the Modulus of Elasticity E or Young's Modulus 
and is equal to the slope of the stress-strain diagram from 0 to P. Then 


<2 =E 3 


ELASTIC LIMIT 

The elastic limit is the limit beyond which the material will no longer go back to its 
original shape when the load is removed, or it is the maximum stress that may e 
developed such that there is no permanent or residual deformation when the load is 
entirely removed. 

ELASTIC AND PLASTIC RANGES 

The region in stress-strain diagram from O to P is called the elastic range. The region 
from P to R is called the plastic range. 

YIELD POINT 

Yield point is the point at which the material will have an appreciable elongation or 
yielding without any increase in load. 

ULTIMATE STRENGTH 

The maximum ordinate in the stress-strain diagram is the ultimate strength or tensile 
strength. 

RAPTURE STRENGTH 

Rapture strength is the strength of the material at rupture. This is also known as the 
breaking strength. 


MODULUS OF RESILIENCE 


Modulus of resilience is the work done on a unit volume of material as the force is 
gradually increased from O to P, in Nm/m 3 . This may be calculated as the area under 
the stress-strain curve from the origin O to up to the elastic limit E (the shaded area in 
the figure). The resilience of the material is its ability to absorb energy without creating 
a permanent distortion. 

MODULUS OF TOUGHNESS 

Modulus of toughness is the work done on a unit volume of material as the force is 
gradually increased from O to R, in Nm/m 3 . This may be calculated as the area under 
the entire stress-strain curve (from O to R). The toughness of a material is its ability to 
absorb energy without causing it to break. 

WORKING STRESS, ALLOWABLE STRESS, AND FACTOR OF SAFETY 

Working stress is defined as the actual stress of a material under a given loading. The 
maximum safe stress that a material can carry is termed as the allowable stress. The 
allowable stress should be limited to values not exceeding the proportional limit. 
However, since proportional limit is difficult to determine accurately, the allowable tress 
is taken as either the yield point or ultimate strength divided by a factor of safety. The 
ratio of this strength (ultimate or yield strength) to allowable strength is called the 
factor of safety. 

AXIAL DEFORMATION 

In the linear portion of the stress-strain diagram, the tress is proportional to strain and 
is given by 


a = Ee 

since a = P / A and ee = S / L, then P/A = E8/L. Solving for 8, 

, _ PI _ al 
° AE E 


To use this formula, the load must be axial, the bar must have a uniform cross-sectional 
area, and the stress must not exceed the proportional limit. If however, the cross- 
sectional area is not uniform, the axial deformation can be determined by considering a 
differential length and applying integration. 



If however, the cross-sectional area is not uniform, the axial deformation can be 

determined by considering a differential length and applying 

integration. 


where A = ty and y and t, if variable, must be expressed in terms of x. 

For a rod of unit mass p suspended vertically from one end, the total elongation due to 
its own weight is 


where p is in kg/m 3 , L is the length of the rod in mm, M is the total mass of the rod in 
kg, A is the cross-sectional area of the rod in mm 2 , and g = 9.81 m/s 2 . 

STIFFNESS, k 

Stiffness is the ratio of the steady force acting on an elastic body to the resulting 
displacement. It has the unit of N/mm. 


L 



dx c 



£ = p 


2 E 2 AE 


k = P/ 8 


SOLVED PROBLEMS IN AXIAL DEFORMATION 


Problem 206 

A steel rod having a cross-sectional area of 300 mm 2 and a length of 150 m is 
suspended vertically from one end. It supports a tensile load of 20 kl\l at the lower end. 
If the unit mass of steel is 7850 kg/m 3 and E = 200 x 10 3 MN/m 2 , find the total 
elongation of the rod. 


Solution 206 


\ 






i * 



a 

I 


3 


Let 5 = total elongation 

5] = elongation due to its own weight 
= elongation due to applied load 


5 = 6^ + £b 


Si = 


PL 

AE 


Where : P = W = 7B 5&{ 1/1 000)3(9.81 )[300( 1 501(1000 )] 

P = 3465.3825 N 
L = 75(10001 = 75 000 mm 
A = 300 nwr 
E = 2QG GOD MPd 


3465.3525(75000) 
300(200 000) 


= 4.33 mm 


S 

i 


20 kN 






Where: P = 20 kN = 20 000 N 

l = 150 n = 150 000 mm 
A = 300 mm 2 
E = 200 00D MPd 


20000(150000) 

02 = = dO mm 

300(2.00000) 


Total elongation 
6 = 4.33 + 50 = 54.33 nun 


Problem 207 

A steel wire 30 ft long, hanging vertically, supports a load of 500 lb. Neglecting the 
weight of the wire, determine the required diameter if the stress is not to exceed 20 ksi 
and the total elongation is not to exceed 0.20 in. Assume E = 29 x 10 6 psi. 


Solution 207 


T" 

30 it 


5 DO lb 



d 


Based on maximum allowable stress: 


cr = 


P_ 

A 


20 000 = 


500 

4 


d = 0.0318 in 


Based on maximum allowable def ormation: 

5 =^ 

AE 

500(30x12) 

-j r 7id 3 (295<10 ! ’) 
d = 0.0395 in 


Use the bigger diameter, d = 0.0395 in 


Problem 208 

A steel tire, 10 mm thick, 80 mm wide, and 1500.0 mm inside diameter, is heated and 
shrunk onto a steel wheel 1500.5 mm in diameter. If the coefficient of static friction is 
0.30, what torque is required to twist the tire relative to the wheel? Neglect the 
deformation of the wheel. Use E = 200 GPa. 


Solution 208 



5 = 


PL 

AE 



Where: 

6 = tt(1500.5 - 1 5DD) = Q.ir mm 

ID mm 


P = T 

15QQ mm 

03a = 

L = 1500ji mn 
A = 10(80) = EDO mm 2 
E = 200 000 MPa 

1(150071) 


800(200000) 

10 mn 

I = 53 333.33 N 



F = 2T 

p (1500) (80) = 2(53 333.33) 
p - Q.SSS9 MPa -> '"temal o'essure 

Total normal force, N: 

j\ T = p >: contact area between tire and wheel 
N = 0.SS5O x <15003) (SO) 

N = 335 214.9.2 N 


Friction resistance, f. 
f=\sN= 030(335 214.92) 

/= 1O0 53148 N = 100.56 kN" 

Torque =/ x 4- (diameter of wheel) 

Torque = 10035 x 0.75025 
Torque = 75.44 kN-m 


Problem 209 

An aluminum bar having a cross-sectional area of 0.5 in 2 carries the axial loads applied 
at the positions shown in Fig. P-209. Compute the total change in length of the bar if E 
= 10 x 10 6 psi. Assume the bar is suitably braced to prevent lateral buckling. 


Figure P-209 and P-2 10 


6000 5 


7CC D lb 


jGOD lb 




3 ft 

5 ft 

4ft 


4000 d 


Solution 209 


6000 lb 


= 6000 lb 


7000 lb 


QliVLP ID 




GOOD lb 

7000 lb 


GOOD ^ 




Fi = 6000 lb tension 




Pi = 4000 lb 


Fj = 1000 lb compression 
Fa = 4000 lb tension 
PL 
AE 

5 = Ji - S 2 + Sa 


5 = 


5 = 


6000(3x12) 


0.5(10x10 ) 0.5(10x10 ) 

5 = 0.0696 in (lengthening) 


1000(5x12) 4000(4x12) 


0. 5(10x10*) 


Problem 210 

Solve Prob. 209 if the points of application of the 6000-lb and the 4000-lb forces are 
interchanged. 


Solution 210 



Pi = 4000 lb compression 
Fj = llOOQ lb compression 
F ; = 6000 lb compression 



6 = —Si - Sa - 3a 

4000(3x12) 11000(5x12) 6000(4x12) 

" 0.5(10x10*) " 0.5(10x10°) " 0.5(10x10°) 
5 = -0.19248 in = 0.19248 in (shortening) 


T T T 


Problem 211 

A bronze bar is fastened between a steel bar and an aluminum bar as shown in Fig. P- 
211. Axial loads are applied at the positions indicated. Find the largest value of P that 
will not exceed an overall deformation of 3.0 mm, or the following stresses: 140 MPa in 
the steel, 120 MPa in the bronze, and 80 MPa in the aluminum. Assume that the 
assembly is suitably braced to prevent buckling. Use E st = 200 GPa, E ai = 70 GPa, and 
Eb r = 83 GPa. 


Stee 

A = 4BQ mm 2 

Bl X>"2£ 

A = G50 mm 1 

Aluminum 
A = 320 mm 2 

4 | 



p h 

■ r jih 

Le 

J 

I 1 :■ 

l 1 - -"1 

1.0 m 

2.0 m 

1.5 m 


2P 


Figure IP -211 


Solution 211 


Based on allowable stresses: 




IPb- = 2P 


3P 


■ 3P 4P* 


P*i = 2P 


Steel: 

P s3 = o Bf A* 

P = 140(480) = 67 200 N 
P = 67.2 kN 


Bronze: 

Pdt = CW^£r 

2F = 120(650) = 73 000 
P = 39 000 N = 39 kN 


Aluminum: 

Pci = OafA-aF 

2P = SO (320) = 25 600 K 
P = 12 800 N = 12.8 kN 


Based on allowable deformation: 

(steel and alwnFiium lengthens, Diunze s n oitens) 

5 = S 3 ( - + & al 

_ P(1000) 2P(2000) + 2P(1500) 

480(200000 ) 650(70000) 320(83000) 

S = ( " TT37T + yp 

P = S4 610.99 N =84.61 kN 

Use the smallest value of P, P = 12.8 kN 


Problem 212 

The rigid bar ABC shown in Fig. P-212 is hinged at A and supported by a steel rod at B. 
Determine the largest load P that can be applied at C if the stress in the steel rod is 
limited to 30 ksi and the vertical movement of end C must not exceed 0.10 in. 



Solution 212 


Free body and deformation diagrams: 



Based on maximum stress of steel rod: 
ZMi, = 0 
5F = 

F = 0.4F -e 
F = 0.4cjfljAss 
F = 0.4 [30(0.50)] 

F = 6 kips 

Based on movement at C: 

s* = 01 

2 5 

= 0.04 in 

=0.04 

-CLM 

0.50(29x10 ) 

P*r = 12 0S3.33 lb 

ZM, = 0 
5P = 2P S r 
P = 0.4P,, 

P = 0.4(12 0S3.33) 

P = 4833.33 lb = 4.S3 kips 


Use the smaller value, F = 4.S3 kips 


Problem 213 


The rigid bar AB, attached to two vertical rods as shown in Fig. P-213, is horizontal 
before the load P is applied. Determine the vertical movement of P if its magnitude is 50 
kN. 



Solution 213 

Free body diagram 



c 


* 


3.5 m 


P = 50 kN 


2.5 -n 



For aluminum: 

\TMb = 0] 6P a i = 2.5(50) 

P el = 20.83 kSl 

L Pll r 20.83(3)1000- 

. ft — . Oaf — 

L AEir 500(700 00) 

5vi,- = 1.73 mm 

For steel: 

\TMa = 0] 6F* = 3.5(30) 

F, s = 29.17 kN 

_" 5 _ PL 1 29.17(4)1000 J 

[ _ AeI, 5f 300(200000) 

5 sr = 1.94 mm 


Movement diagram 


A 3.5 B 2.5 C 



y _ 1.94-1.78 
3.5 ” 6 

y = 0.09 mm 

os = vertical movement of P 
5b = 1.78 4 y = 1 73 4 0.09 
5g = 1.87 mm 


Problem 214 

The rigid bars AB and CD shown in Fig. P-214 are supported by pins at A and C and the 
two rods. Determine the maximum force P that can be applied as shown if its vertical 
movement is limited to 5 mm. Neglect the weights of all members. 



Steel 
L= 2 m 
A = 300 mm 2 
E = 200 GPa 


Solution 214 

[IMa = 0] 3 P*i = 6P„ 

PrJ = 2 P st 



By ratio and proportion: 



= 25„ ; = 2: — 

Ue_L 

P d (200D) 


5 e = 25,; = 2 
6 E = 2 


500(70000) 


S750 ^01 3750 (2Psf) 

&E = 7 ^ 5 - Pst movement of B 



diagram of bar CD 

[ TMc = 0] 


Movement of D: 

= 5 S( + 5e = 


PL 

AE 


1 p . 
4375 1 -' f 


, _ P a (2000) 

300(200000) 


4375 


WPr, 


5d 


11 

42030 


Psi 


6P sf = 3P 
Pst- \P 


By ratio and proportion: 

_ 5 d 
3 _ 6 

Sp - 3 6 c — ( 42000 P-) 

~~ 54000 Es* 

^ - B4OD0 (7 

P = 76 363.64 N = 76.4 kN 


Problem 215 


A uniform concrete slab of total weight W is to be attached, as shown in Fig. P-215, to 
two rods whose lower ends are on the same level. Determine the ratio of the areas of 
the rods so that the slab will remain level. 


Solution 215 


Figure P-215 





St 

Aluminum 


E 

E = 10 x to 6 psi 


1 

L = 4ft 


1L 1 

Total Weight = W 

L ,L ,L,I 

3ft 

eft 

1 ft 


[ZM.J = 0] 6P Jf = 2W 

Ps,= |W 




w 


4 



[ZM 5f = 0] 6P r j = 4W 

P,r= fW 




PL 

AE 


St 


PL 

AE 


*W(6xl2) 

A if (29xl0 6 ) 


4x12) 

AjlOxlO 6 ) 


A g1 _ iW(4xl2)(29xlO e ) 
A^ yW(6x 12)(10x 10 6 ) 
A s: /A s x = 3.867 


Problem 216 

As shown in Fig. P-216, two aluminum rods AB and BC, hinged to rigid supports, are 
pinned together at B to carry a vertical load P = 6000 lb. If each rod has a 
crosssectional area of 0.60 in 2 and E = 10 x 10 6 psi, compute the elongation of each 
rod and the horizontal and vertical displacements of point B. Assume a = 30° and 0 = 
30°. 


Solution 216 


Fab 




[£Fh = 0] Pae cos 30° = Pec cos 30° 

P.4E = Pec 

[TP V = 0] Pae sin 30° + P B c sin 30° = 6000 
P.« (0.5) + Pab (0.5) = 6000 
P^e = 6000 lb tension 
Pec = 6000 lb compression 

5- “ 

AE 

6000(10x12) , 

5,-iB = — = 0.12 in. lengthemne 

0 . 6(10 x 10 ) 5 5 

6000(6x12) t 

5bc = — = 0.072 in. shortening 

0.6(10x 10 6 ) 5 


DB = = 0.12 in 

BE = See = 0.072 in 

Sb = SB'' = displacement of B 

B l = final position of B after elongation 


Tiiangle BOB': 

„ 0.12 

COS P = — — 


OB = 


0.12 

COS P 


Triangle B EB r : 
cos (120° - P) 


0.072 


„ 0.072 

OB = 

cos (120 s -p) 


6s - Se 

0.12 _ 0.072 

cos p cos (120 s -p) 



cos 120° cos p - sin 120° sin p _ 
cos p 

-0.5 + sin 120° tan p = 0.6 
tan p = 1.1/sin 120°; jj = 51.79° 

4 = 90 - (30° + p) = 90° - (30= + 51.79°) 

$ = 8 . 21 = 

„ 0.12 
&B - 

cos 51.79° 

S £ = 0.194 in 
Triangle BFB': 

5^ = B'F = 5b sin $ = 0.194 sin 8.21° 

5ft = 0.0277 in 

6ft = 0.0023 ft-J horizontal displacement of B 

Sp = BT = 5 b cos <p = 0.194 cos 8.21° 

5-, = 0.192 in 

Sp = 0.016 ft -> vertical displace n’ent of B 

Problem 217 

Solve Prob. 216 if rod AB is of steel, with E = 29 x 10 6 psi. Assume a = 45° and 0 = 
30°; all other data remain unchanged. 

Solution 217 

By Sine Law 



AE 

„ 5379.45(10x12) „ . 

Sae = = 0.03/1 ill, (lengthening) 

0.6(29x10°) 



Sec = 



Movement of B 


4392.30(6x12) „ . 

; - — = 0.0527 m. (shortening) 

0.6(1Q xlO 6 ) 

DB = 5ae = 0.0371 in 

BE = 5 EE = 0.0527 in 

5 £ = BB' = displacement of B 

B y = final position of B after deformation 

Triangle BOB': 

0.0371 
cos B = 

_ 0.0371 

o B = — 

cos J3 


Triangle BEB': 

cos (105° - p) = 


0.0527 

3b 


„ 0.0527 

Ob = ; 

cos (105°- P) 


Se - 5e 

0.0371 _ 0.0527 

cos p cos ( 105 3 -p) 

cos 105° cos B - sin 105° sin B 
= 1.4205 

COS p 

-0.2588 + 0.9659 tan p = 1.4205 

1.4205 + 0.2588 

tan p = 

0.9659 

tan p = 1.7386 
P = 60.1° 

0.0371 

5e _ 

cos 60.1° 

Se = 0.0744 in 

4 = (45° + p) - 90° 

= (45° + 60.1°) - 90° 

= 15.1° 

Triangle BFB': 

5* = FB' = S £ sin <|> = 0.0744 sin 15.1° 

5ft = 0.0194 in 

5ft = 0.00162 ft -> horizontal d'splacement of B 

5 y = BF = S B cos i 5 = 0.0744 cos 15.1° 

5y = 0.07183 in 

Sy = 0.00598 ft -> veitical displacement of B 



Problem 218 


A uniform slender rod of length L and cross sectional area A is rotating in a horizontal 
plane about a vertical axis through one end. If the unit mass of the 
rod is p, and it is rotating at a constant angular velocity of co rad/sec, show that the total 
elongation of the rod is pco 2 L 3 /3E. 


Solution 218 


PL 



AE 

from the frigure: 

, dP x 
dd = 


d 5 = 


AE 

Where: 

dP = centiifugal force of differential mass 
dP = dM = (pA d*)a 2 x 
dP = pAts 2 k dx 

(pAea 2 ! dx) X 

AE 


dx - 


pci" 


5 = p g?L s / 3E ok! 


Problem 219 


A round bar of length L, which tapers uniformly from a diameter D at one end to a 
smaller diameter d at the other, is suspended vertically from the large end. If w is the 
weight per unit volume, find the elongation of the rod caused by its own weight. Use 
this result to determine the elongation of a cone suspended from its base. 


Solution 219 



AE 


For the differential strip shown: 

5 = d& 

P = weight carried by the strip 
= weight of segment y 
L = dy 

A = area of the strip 


diameter, C 



D - d | d 
< M* 



Section along the 
axis of the bar 


For weight of segment y (Frustum of a cone]: 
P = WVy 

From section along the axis 
x D-d 

y 1 

D-d 

x = : V 


Volume for frustum of cone 
Y= i-xh (R~ + r 2 + Rr) 

Vy = jr 7t/i [ j (:t + d) 1 

+ i(*+d)(lr9] 

Vy = 711 / [(X + d) 2 + iP + (X + 


P = 
P = 
P = 

P = 


-pr xiu [ (x + d) 2 + d 2 + (x + d)d\ y 

-p 7 TtHJ [x 2 + 2xd + d 2 + d 2 + xd + jj-] y 

jy nw [x 2 + 3xd + 3d 2 ] y 

(D-d) 1 2 3d (D-d) _. 2 " 

— — y + y + ori 


7 TW 

~n 


y 


Area of the ship: 

A = j 7t(x + d) 2 = 


t if D-d 
4 1 . I 





(D-d) 2 y 2 + 3Ld(D-d)y + 3Lrd 2 

]} 

(D - d) 2 y 1 + 2 Ld(D -d)y + L 2 d 2 

L 2 

w " (D - d) 2 y 2 + 3Li(D - d) y + 3L 2 d 2 1 
3E_ (D-dfy 2 +2Ld(D-d)y + L 2 d 2 V V 
Let: a = ID - dj b = Ld 




da = 
da = 
da = 



_ w [(ay) 3 -3(fly) 2 b-3(fly)fr 2 | 

3aE | (<xy + b) 2 J V 

The quantity {ay}* + 3(ay} z b f 3(ay)b 2 + b 3 is the expansion of [ay + b) 3 


i5 = 
iS = 


3 aE (ay + b)~ 

w (ay + b) 3 b 3 
3flE _(ay + b) 2 (ny -b) 2 



r [(ny+&)-fc 3 (fl!/ + &) 2 ] dy 


3 aE J o 


[(ay+b)-b s (ay + b)^]dy 


w \ {(ly + b ) 1 b 3 {ay 


3 t?E 2 a 


y + W 1 ' 1 
~ a 1 


w {(iy + b) b 3 

3 a* E 2 ay + b 


— ^ — • ■+(aL + &)~- — - 4-^"-— - 

3a 2 E |_r al + frj [ b 

W ~ Jj-(flL + b) 2 — — — -4rb 2 > 
3a 2 E[ 2 al + b 2 J 

w \ (aL + £?) 3 + 2b 3 -3b* (aL + b) . 


\a~E\_ 2{aL + b) 

w \ (nL) 3 + 3(flL) 2 b + 3(rtL)b 2 + j7 3 + 2b 3 -3ab 2 L-3b* 
wrE al + b 


w f n 3 ! 3 + 3 crbl} 


6 fl E aL + b 


;Note: a = D- dStb=Ld 


w [ (D - d ) 3 1 3 + 3 (D - d ) 2 (I J)L 2 

6 (D-^) 2 e[ (D - cf)I + (Id) 

a e f(D-rf)I 3 [(D-rf) 2 + 3 d(D-rf)]] 

6 (D-i) 2 E < ; ID - Id + Id 

wL 3 \(D-d ) 2 + 3 d(D-d)~ 

6 (D -d)E [ ID 

wL 3 [d 2 - 2 Dd + d 2 + 3 Dd- 3 d 2 ~[ 


6 (D-d)E |_ LI 

;t;I 3 r p 2 + D^- 2 ii 2 
6 (D - d)E LD 


6 (D-d) 


}£_ ’ 

~d) E_ 


D(D + d)- 2 d 2 


wL 3 l~ D (D + d) 1 mil \2 d 2 


6 (D-d)E ID J 6 (D-ef)E|_LD 

ivtfip+d) wi 2 d 2 
t>E(D - d) 3 ED (D-d) 


For a cone: 

D = D an d d = 0 


6E(D-1J7 -^D(D-O) 


6 = 



SOLVED PROBLEMS IN STRAIN AND AXIAL DEFORMATION 


Problem 203 

The following data were recorded during the tensile test of a 14-mm-diameter mild steel 
rod. The gage length was 50 mm. 


Load 

(N) 

Elongation 

(mm) 

Load 

(N) 

Elongation 

(mm) 

0 

0 

46200 

1.25 

6310 

0.010 

52400 

2.50 

12600 

0.020 

53500 

4.50 

1S30Q 

0.030 

6SO0O 

7.50 

25100 

0.040 

59000 

12.50 

31300 

0.050 

67B0O 

15.50 

37900 

0.060 

65000 

20.00 

40100 

0.163 

61500 

Fracture 

41600 

0.433 




Plot the stress-strain diagram and determine the following mechanical properties: (a) 
proportional limits; (b) modulus of elasticity; (c) yield point; (d) ultimate strength; and 
(e) rupture strength. 



Stress, 


Solution 203 

Area, A = 1 7t(14) 2 = 4 9ti nun 2 ; Length, I = 50 nun 

Stiarn = Elongation / Length; Stress = Load/ Area 
RS failure, 399.51) 


US (0.15, 441.74) \ 

Load 

Elongation 

Strain 

Stress 

| X/M 

<N) 

(mm) 

(mm/ nun) 

(MPa) 

/V 

0 

0 

0 

0 


6310 

0.010 

0.0002 

40.99 

j/\\ VP (0.0067, 270.24) 

12600 

0.020 

0.0004 

51.55 

\ EL(OJ3D33 P 260.45) 

18800 

0.030 

0.0006 

122.13 

^ PL (0.0012. 246.20) 

25100 

0.040 

O.OOGS 

163.05 

St'-ain r c 

31300 

0.050 

0.001 

203.33 

Stress-Strain Diagram 

37900 

0.060 

0.0012 

246.20 

(not drawn to sea e) 

40100 

0.163 

0.0033 

260.49 


41600 

0.433 

0.0067 

270.24 

PL = Proportional Limit 
EL = Elastic Limit 

46200 

1.250 

0.025 

300.12 

VIP = Yield Point 

52400 

2.500 

0.05 

340.40 

US = Ult'Tiata- Strengt" 

5S5O0 

4.500 

0.09 

330.02 

RS = Rupture Strength 

68000 

7.500 

0.15 

441.74 


59000 

12.500 

0.25 

333.27 


67800 

15.500 

0.31 

440.44 


65000 

20.000 

0.4 

422.25 


61500 

Failure 


399.51 


From stress -strain diagram: 

fa) Proportional Limit = 246.20 MPa 

(b) Modulus of Elasticity 

E = slope of stress-strain diagram 
within proportional limit 
E = 24b .20 = 20 _ 1666? Mpa 
0,0012 

E = 205.2 GPa 

(c) Yield Point = 270.24 MFa 

(d) Ultimate Strength = 441.74 MPa 

(e) Rupture Strength = 399.51 MPa 

Problem 204 

The following data were obtained during a tension test of an aluminum alloy. The initial 
diameter of the test specimen was 0.505 in. and the gage length was 
2.0 in. 


Load 

m 

Elongation 

(in.) 

Load 

(ib) 

Elongation 

(in.) 

0 

0 

14 000 

0.020 

2 310 

0.00220 

14 400 

0.025 

4 640 

0.00440 

14 500 

0.060 

6 950 

0.00650 

14 600 

O.OSO 

9 290 

O.OQSSO 

14 800 

0.100 

11600 

0,0110 

14 600 

0.120 

12 600 

0.0150 

13 600 

Fracture 



Plot the stress-strain diagram and determine the following mechanical properties: (a) 
proportional limit; (b) modulus of elasticity; (c) yield point; (d) yield strength at 0.2% 
offset; (e) ultimate strength; and (f) rupture strength. 


Solution 204 


Area = n(0.5Cb) : = O.Q638ir irr. Length. L = 2.0 in. 

Strain = Elongation/Length; Stress = Load/ Area 



k— 

0.002 cFrsei 


Load 

(ib) 

Elongation 

(in) 

Strain 
(in/ in) 

Stress 

(P^) 

0 

0 

0 

0 

2310 

0.0022 

0.0011 

11532.92 

4640 

0.0044 

0.0022 

23165.70 

6950 

0.0066 

0.0033 

34698.62 

9290 

0.008S 

0.0044 

46381.32 

11600 

0.011 

0.0055 

57914.24 

12600 

0.015 

0.0075 

62906.85 

^ 14000 

0.02 

0.01 

69896.49 

14400 

0.025 

0.0125 

71893.54 

14500 

0.06 

0.03 

72392.80 

14600 

0.08 

0.04 

72892.06 

14800 

0.1 

0.05 

73890.58 

14600 

0.12 

0.06 

72892.06 

* 13600 

Fracture 


67899.45 


St^-a in r - 


PL (O.OD55 r 57914.24) 
EL [fl.GD75 r G2906.B5) 
YP (0.01, 69S9&.49) 
US (0.05, 73090.53) 
RS [Failure, 67399.45) 



From stress-strain diagram: 

(a) Proportional Limit = 37,914.24 psi 

(b) Modulus of Elasticity: 

57014 24 

E = = 10,529,861.32 psi 

0.0055 r 

I = 10,529.86 ksi 

(c) Yield Point = 69,896.49 psi 

(d) Yield Strength at 0.2% Offset: 
Strain of Elastic Limit 

= £ at PL -t 0.002 
= 0.0055 + 0.002 
= 0.0075 in/ in 

The offset line wil mss through Q(See Figure): 

Slope of 0.2% offset 

= £ = 10,529,861.32 psi 

Test for location 
. rise 


10,529,861.82 = 


69S9.64 + 4992.61 


run 


run = 0.00113793 < 0 .0025,. therefore, 
the required point is just 
before YF. 


Slope of EL to IT 
c 1 _ 6989.64 
1~ ~ 0.0025 

^ =2795856 

E, 


2 79o Sd6 


For required point 
r = 4992.61 + o | 

1052986182 - + 


2 795S56 

3.7662a, =4992.61 + 0] 
a, = 1S04.S4 psi 


Yield Strength at 0.2% Offset 
= EE+ O] 

= 62906.85 + 1804.84 
= 64,711.69 psi 


(e) Lltimate Strength = 73,890.58 psi 

(f) Rupture Strength = 67,899.45 psi 



Problem 205 


A uniform bar of length L, cross-sectional area A, and unit mass p is suspended 
vertically from one end. Show that its total elongation is 5 = pgL 2 / 2E. If the total mass 
of the bar is M, show also that 5 = MgL/2AE. 


Solution 205 





Jd* 


V 


1 , 


w. 


5=^ 

AE 

Fran the fgure: 
= ds 

p = Wy = (pAy)g 
L = dy 

. f3 _ % 
AE 


r -i ”i L 


- 2 -u, 


5=||[L i -O i ]=p S L72E 


Given the total mass M: 
p = M/V = M/AL 

6 = ?S U/2E = (MfAmgU/TE) 
a = MgL/2AE ok! 


ok! 


Another Solution: 


w 


U2 


The weight will act at the center of gravity of tine bar: 

s =^ 

AE 

Where: F = W = i[pAL)g 

L = L/2 

S - mL)g]jL/2) 

AE 


a = 


= 


2E 


ok! 


4 


For you to feel the situation, 
position yourself in pull-up 
exercise with your hands on tine 
bar and your body hang freely 
above the ground. Notice that 
your arms suffer all your 
weight and your lower body 
fells no stress (center of weight 

is approximately just below the chest). If your body 
is the bar, the elongation will occur at the upper half 
of it. 


Vs 


Shearing Deformation 

Shearing forces cause shearing deformation. An element subject to shear does not 
change in length but undergoes a change in shape. 

* : 5 * 


The change in angle at the corner of an original rectangular element is called the shear 
strain and is expressed as 



T L 

The ratio of the shear stress x and the shear strain y is called the modulus of elasticity 
in shear or modulus of rigidity and is denoted as G, in MPa. 


G = — 


The relationship between the shearing deformation and the applied shearing force is 


, VL tL 

o 3 = = — 

A.G G 

where V is the shearing force acting over an area A s . 


Poisson's Ratio 

When a bar is subjected to a tensile loading there is an increase in length of the bar in 
the direction of the applied load, but there is also a decrease in a lateral dimension 
perpendicular to the load. The ratio of the sidewise deformation (or strain) to the 
longitudinal deformation (or strain) is called the Poisson's ratio and is denoted by v. For 
most steel, it lies in the range of 0.25 to 0.3, and 0.20 for concrete. 


z 




E_ 



V = - 



where s x is strain in the x-direction and s y and s z are the strains in the perpendicular 
direction. The negative sign indicates a decrease in the transverse dimension when e x is 
positive. 

BIAXIAL DEFORMATION 

If an element is subjected simultaneously by ensile stresses, o x and cr y , in the x and y 
directions, the strain in the x-direction is a x / E and the strain in the y direction is a y / E. 
Simultaneously, the stress in the y direction will produce a lateral contraction on the x 
direction of the amount -v e y or -v a y /E. The resulting strain in the x direction will be 


and 



or a- = 


(E,+vs y )E 

1-v 2 


CJ„ a (£„-VS S )E 

Eu = — * — v — — or = — = — 

E E * 1-v 2 


TRIAXIAL DEFORMATION 

If an element is subjected simultaneously by three mutually perpendicular normal 
stresses a x , a y , and a z , which are accompanied by strains s x , e y , and e z , respectively, 

e* = + cjJ] 

Ey= — v(o x + a.)] 

Er= +CT y )] 

Tensile stresses and elongation are taken as positive. Compressive stresses and 
contraction are taken as negative. 


Relationship Between E, G, and v 

The relationship between modulus of elasticity E, shear modulus G and Poisson's ratio v 


G = 


E 

2(1 -v) 


is: 



Bulk Modulus of Elasticity or Modulus of Volume Expansion, K 


The bulk modulus of elasticity K is a measure of a resistance of a material to change in 
volume without change in shape or form. It is given as 


3(1 -2v) AV/V 

where V is the volume and AV is change in volume. The ratio AV / V is called volumetric 
strain and can be expressed as 


AV _ a 3(1 -2v) 

~v~ ~k eT 


Solved Problems in Shearing Deformation 


Problem 222 

A solid cylinder of diameter d carries an axial load P. Show that its change in diameter is 
4Pv / jtEd. 

Solution 222 


Y 



The load P can be compressive or tensile 


E,. 


v = -- 


Sy = -ve* 



Sy = -V — — 

E 

V 2 

S V = V - P 

d 

d AE 

V2 

^ * 

;> 

ii 

jk 




iiuTE 

4Pv 

7iEd 


ok! 


Problem 223 

A rectangular steel block is 3 inches long in the x direction, 2 inches long in the y 
direction, and 4 inches long in the z direction. The block is subjected to a triaxial loading 
of three uniformly distributed forces as follows: 48 kips tension in the x direction, 60 
kips compression in the y direction, and 54 kips tension in the z direction. If v = 0.30 
and E = 29 x 10 6 psi, determine the single uniformly distributed load in the x direction 
that would produce the same deformation in the y direction as the original loading. 


Solution 223 


For triaxial deformation (tensile triaxial stresses): 
(compressive stresses are negative stresses) 



e y = — [o y - v(o T + a,)] 


<Tr = 


Oy — 


CTj = 


Pz 

48 

A* 

4(2) 

Py 

60 


4(3) 

P, 

jl 

54 




2(3) 


= 6.0 ksi (tension) 

= 5.0 ksi (compression) 
= 9.0 ksi (tension) 


V 


29 x 1Q C 


[-5000 - 0.30(6000 - 9000)] 


= -3.276 x IQ" 4 


Ey is negative, thus tensile force is required in the 
^-direction to produce the same deformation in 
the ^-direction as the original forces. 


For equivalent single force in the ^-direction: 
(uniaxial stress) 



-VS* = E y 



-0.30 1 — Hi— ! = -3.276 x 10- 1 
l 29x10 V 

Oz = 31 666.67 psi 

a x = = 31 666.67 

4(2) 

Pz = 253 333.33 lb (tension) 

Pz = 253.33 kips (tension) 


Problem 224 


For the block loaded triaxially as described in Prob. 223, find the uniformly distributed 
load that must be added in the x direction to produce no deformation in the z direction. 

Solution 224 

El = J [o z - v(cr* + Cy)] 

a* =6.0 ksi (tension) 
a, f =5.0 ksi (compression) 

<Jz = 9,0 ksi (tension) 

s.- = — T [9000 - 0.3(6000 - 5000)] 

£_. = 2.07X10- 5 

£z is positive, thus positive stress is needed in the x- 
direction to eliminate deformation in z-direction. 

The application of loads is still simultaneous: 

(No deformation means zero strain) 

*z = [o z - V(G* + Gy)] = 0 

c?z = v ( q x + ay) 

a v =5.0 ksi (compression) 

o z = 9.0 ksi ■) (tension) 

9000 = 0_30(a J - 5000) 
a* = 35 000 psi 

aadasd + 6000 = 35 000 
anifed — 2.9 000 psi 

= 29 000 

2(4) 

P allied 232 000 lb 
Paii&d = 232 kips 


Problem 225 

A welded steel cylindrical drum made of a 10-mm plate has an internal diameter of 1.20 
m. Compute the change in diameter that would be caused by an internal pressure of 1.5 
MPa. Assume that Poisson's ratio is 0.30 and E = 200 GPa. 



Solution 225 


cfi; = longitudinal stress 
_ pD _ 1.5(1200) 

4 f 4(10) 

Cfjj. = 45 MPa 

CFjt = tangential stress 
_ pD _ 1.5(1200) 

It 2(10) 

crjt = 90 MPa 



_ 90 

£jf 200000 


o.: 


45 '] 

200000 I 


v 




1.20 m 


thickness, 
t = 10 mm 

X 


Ej = 3.825 x 10 -1 


AD 


AD = e, D = (3.825 x 10^)(1200) 
AD = 0.459 mm 


Problem 226 

A 2-in. -diameter steel tube with a wall thickness of 0.05 inch just fits in a rigid hole. 
Find the tangential stress if an axial compressive load of 3140 lb is applied. Assume v 
0.30 and neglect the possibility of buckling. 


Solution 226 




C* = VCTy 

where o* = tangential stress 

<T|,. = longitudinal stress 
_ Pjr _ 3140 

~A ;r(2)(0.05) 
cr,,. = 31400/ it psi 

a* = 0.30(31400/31) 
o r = 9430/ 7i psi 
a* = 2298.5 psi 


Problem 227 


A 150-mm-long bronze tube, closed at its ends, is 80 mm in diameter and has a wall 
thickness of 3 mm. It fits without clearance in an 80-mm hole in a rigid 
block. The tube is then subjected to an internal pressure of 4.00 MPa. Assuming v = 1/3 
and E = 83 GPa, determine the tangential stress in the tube. 


Solution 227 



Longitudinal stress: 
pD _ 4(80) 

£J V — 

4f 4(3) 
80 

cf v = — MPa 
3 


The strain in the ^-direction is: 



cfj = VGy = tangential stress 
(Jjt = 8.89 MPa 


Problem 228 

A 6-in. -long bronze tube, with closed ends, is 3 in. in diameter with a wall thickness of 
0.10 in. With no internal pressure, the tube just fits between two rigid end walls. 
Calculate the longitudinal and tangential stresses for an internal pressure of 6000 psi. 
Assume v = 1/3 and E = 12 x 10 6 psi. 


Solution 228 


- = 0.10 in y 



1 1 




\ f 




> x ;; 


L = 6 in 





3in0 




S.r = — -V— = U 
E E 

a* = vcm.- = a: longitudinal stress 

= a,. tangential stress 

= pD = 6000(3) 

2 1 2 ( 0 . 10 ) 

Ui = 90,000 psi 
a; = vo„ = - 5 - (90,000) 
aj = 30,000 psi 


Statically Indeterminate Members 

When the reactive forces or the internal resisting forces over a cross section exceed the 
number of independent equations of equilibrium, the structure is called statically 
indeterminate. These cases require the use of additional relations that depend on the 
elastic deformations in the members. 

Solved Problems in Statically Indeterminate Members 

Problem 233 

A steel bar 50 mm in diameter and 2 m long is surrounded by a shell of a cast iron 5 
mm thick. Compute the load that will compress the combined bar a total of 0.8 mm in 
the length of 2 m. For steel, E = 200 GPa, and for cast iron, E = 100 GPa. 

Solution 233 



AE 

O = StastiFWP = = Q.S 


P 



Bearing Plate 

Cast Iron, 
t = 5 mm 



tr or. (^000) 



Pco-tircn — 11 OOOjt 



[^-;c( 5Q 2 )](200 000) 
Piarei = 50 OOOti Tv 


TF V = 0 

P ~ P cos; iron P shwl 

P = 11 OOOjc - 50 000k 
P = 61 OQOtc N 
P = 191.64 kN 


Problem 234 


A reinforced concrete column 200 mm in diameter is designed to carry an axial 
compressive load of 300 kN. Determine the required area of the reinforcing steel if the 
allowable stresses are 6 MPa and 120 MPa for the concrete and steel, respectively. Use 
E co = 14 GPa and E s t = 200 GPa. 


Solution 234 

|- PL \ _ { PL ) 

{ae) co \AE J : 



14000 200000 

100q.:c = 7 u s 



When. cr 5f = 120 MPa 
100a t -p = 7(120) 

Oo, = S.4 MPa > 6 MPa (not ok!) 

When ovci = 6 MPa 
100(6) = 7o ?f 

= 85.71 MPa < 120 MPa (ok!) 

Use a cc , - 6 MPa and a sf = 85.71 MPa 

TPv = 0 

Pst + Ptc = 300 1 

0^, "I - (jj-p App 300 

S5.7M Sf + 6[± ji( 200) 2 -A s ,] = 300(1000) 

79.71A Sf + 60 000-n = 300 000 
A s} = 1398.9 mm 2 


Problem 235 

A timber column, 8 in. x 8 in. in cross section, is reinforced on each side by a steel 
plate 8 in. wide and t in. thick. Determine the thickness t so that the column will 
support an axial load of 300 kips without exceeding a maximum timber stress of 1200 
psi or a maximum steel stress of 20 ksi. The moduli of elasticity are 1.5 x 10 6 psi for 
timber, and 29 x 10 6 psi for steel. 



Solution 235 


£1 

11 


J k ? 

■ 

t 

■■ 

■■ 

■■■ 

f 

■■ 

f 

\ t 5 

_ 

i- \ 

■: 


■ ■ ■ ■■ ■ 



Sff “ 



29xl0 6 l,5x IQ 6 


l.SOff — 29cffijnbsr 


When = 1200 psi 
1.5(Jsf = 29(1200) 

o 3 * = 23 200 psi = 23.2 ksi > 20 ksi (not okf) 
When = 20 ksi 

1.5(20 X 1000) 29tJiirilicr 

On'micr = 1034.48 psi < 1200 psi (ok!) 

Use a S i = 20 ksi and oiMer = 1.03 ksi 
IF,'=0 

F steel + Fiimtcr = 300 
OjsAsi — O MnrScpA fimtisT = 300 
20 [4 (Si)] - 1.03(8 : ) = 300 
f = 0.365 in 


Problem 236 

A rigid block of mass M is supported by three symmetrically spaced rods as shown in fig 
P-236. Each copper rod has an area of 900 mm 2 ; E = 120 GPa; and the allowable stress 
is 70 MPa. The steel rod has an area of 1200 mm 2 ; E = 200 GPa; and the allowable 
stress is 140 MPa. Determine the largest mass M which can be supported. 


Figure P-236 and P-237 





Solution 236 



|W = Mg 



If; H'fl 

\ ^ )o t> V ^ .'Si 

0,(160) _ o s ,(240) 
120000 200000 


S 


10o cc . = 9o £f 
When Os* = 140 MPa 


= fp (140) 


c ro = 126 MPa > 70 MPa (not ok!) 
When <3 co = 70 MPa 
o» = -f (70) 

o 5 * = 77.73 MPa < 140 MPa (ok!) 

Use a, :iJ = 70 MPa and o sf = 77.78 MPa 

TF r = 0 

2 Pa, + P*=W 

2((3 C cAcc) + o 3 *A 3 i = Mg 

2 [70 (900)] + 77.78(1200) = M(9.81) 

M = 22 358.4 kg 


Problem 237 

In Prob. 236, how should the lengths of the two identical copper rods be changed so 
that each material will be stressed to its allowable limit? 

Solution 237 

Use On? = 70 MPa and CF S f = 140 MPa 


7 0L„ = 140(240) 

120000 200000 
Lo? = 288 mm 

Problem 238 

The lower ends of the three bars in Fig. P-238 are at the same level before the uniform 
rigid block weighing 40 kips is attached. Each steel bar has a length of 3 ft, and area of 
1.0 in. 2 , and E = 29 x 10 6 psi. For the bronze bar, the area is 1.5 in. 2 and E = 12 x 10 6 
psi. Determine (a) the length of the bronze bar so that the load on each steel bar is 
twice the load on the bronze bar, and (b) the length of the bronze that will make the 
steel stress twice the bronze stress. 




Solution 238 



(a) Condition: P* f = 2Pj, r 
LFv= 0 
2Psf + Ptr = 40 
2(2Pbr) + Ptr = 40 
Per = 8 kips 
P si = 2(8) = 16 kips 


6^ - S* f 



8 OOOLj^ _ 16000(3x12) 

1.5(12xlO e ) 1.0(29 xlO 6 ) 

= 44.69 in 
Ltr = 3.72 ft 


(b) Condition: a S f = 2c?i jr 
ZFv = 0 
2P* + P^ = 40 
2(cr sf A sf ) + ot r A^h- = 40 
2[(2cfIt) Asf] - ObrAtr = 40 
4cfb- (1.0) + Obr (1.5) = 40 
otr = 7.27 ksi 
o* = 2(7.27) = 14.54 ksi 


Sit “ 5 st 


nL 

~E 


oL j 

~E 


Jst 


7.27(1000)1^ 


12 x 10 s 
Ur = 29.79 in 
It- = 2.48 ft 


14.54 (1000) (3x12) 
29x"l0* 


Problem 239 

The rigid platform in Fig. P-239 has negligible mass and rests on two steel bars, each 
250.00 mm long. The center bar is aluminum and 249.90 mm long. Compute the stress 
in the aluminum bar after the center load P = 400 kN has been applied. For each steel 
bar, the area is 1200 mm 2 and E = 200 GPa. For the aluminum bar, the area is 2400 
mm 2 and E = 70 GPa. 



i: 






i 1 

3 


| 





sk 


Figure P-239 


Solution 239 



+ 0.10 

<^(250) _ a,, (249.90) 


200 000 


70000 


+ 0.10 


0.00 125 = 0.003 57a ff ; + 0.10 

a s * = 2.S56osi + SO 



SF v = 0 

2P s t + Pa = 400 000 

2cJsf Tliij = 400 000 

2(2.S56o ri + SO) 1200 + a flE (2400) = 400 000 

9254.4c ri + 192 000 = 400 000 

a „ t = 22.48 MPa 


Problem 240 

Three steel eye-bars, each 4 in. by 1 in. in section, are to be assembled by driving rigid 
7/8-in. -diameter drift pins through holes drilled in the ends of the bars. The center-line 
spacing between the holes is 30 ft in the two outer bars, but 0.045 in. shorter in the 
middle bar. Find the shearing stress developed in the drip pins. Neglect local 
deformation at the holes. 



Solution 240 


Middle bar is 0.045 inch shorter between holes than 
outer bars. 


0 



Greatly Exaggerated 
Position of Holes 


£'md Snifter 



0.045 


SFh = 0 

P mid — 2P ohjct 


Spafcr 0.045 



= 0.045 


F Kar (30xl2) t ^(30*12-0.045) = Q Q4g 
[1.0(4. 0)]E [1,0(4.0)]E 

36QP 0Hftr + 359.95 SP.^ = 0.18E 
360P OH fer + 359.955(2?™^) = 0.1 SE 
(For steel: E = 29 x 106 psi) 


1079.91P CKrtr = 0.18(29 x 10 6 ) 
Po^- = 4833.74 lb 


P md = 2(4833.74) 
P m!rf = 9667.48 lb 


Use shear force V = P^d 

Shearing stress of drip pins (double shear): 

. V _ 9667.48 
A 2IK) 1 ] 
x = 8038.54 psi 

Problem 241 

As shown in Fig. P-241, three steel wires, each 0.05 in. 2 in area, are used to lift a load 
W = 1500 lb. Their unstressed lengths are 74.98 ft, 74.99 ft, and 75.00 ft. (a) What 
stress exists in the longest wire? (b) Determine the stress in the shortest wire if W = 
500 lb. 


Solution 241 


Let L l = 74.98 ft; E : =74.99 ft; and E 3 = 75.00 ft 

(a) Bring Li and Lj into L 3 = 75 ft length: 

(For steel: E = 29 x 106 psi) 

AE 
For Li: 


(75 - 74.98) (12) = 

Pi = 386.77 lb 
For Li 


P x (74.98x12) 
0.05 (29 x IQ 6 ) 


(75 - 74.99) (12) = 
P 2 = 193.36 lb 


P 2 (74.99 x 12) 
0.05 (29 x 10 6 ) 


Let P = P 3 (Load carried by Lg) 

P + Pi (Total load c allied by Li) 
P + Pi (Total load carried by Li) 


w 


Figure P-241 


TF V = 0 

(P + P L ) + (P + Pi) + P = W 
3 P + 336.77 + 193.36 = 1500 
P = 306.62 lb = P 3 


P 3 306.62 

05 = — = 

A 0.05 

05 = 6132.47 psi 


(b) From the above solution: 

Pi + P? = 580.13 lb > 500 lb (Es carries no load) 

Bring Li into L 2 = 74.99 ft 

5 = — (74.99 - 74 .98) (12) = P i( 74 - 98x 121 

AEj 0.05 (29 x10°) 

Pi = 193.38 lb 

Let P = P? (Load carried by L?) 

P + Pj. (Total load carried by Li) 

TFv = 0 

(P + Pi) + P = 500 
2P + 193.38 = 500 
P = 153.31 lb 


P + Pi = 153.31 + 193.38 
P + P L = 346.69 lb 


P + P L 346.69 
o = = 


o = 6933.8 psi 


0.05 



Problem 242 


The assembly in Fig. P-242 consists of a light rigid bar AB, pinned at O, that is attached 
to the steel and aluminum rods. In the position shown, bar AB is horizontal and there is 
a gap, A = 5 mm, between the lower end of the steel rod and its pin support at C. 
Compute the stress in the aluminum rod when the lower end of the steel rod is attached 
to its support. 


Figure P-242 



0.75 in 

1.5 ni 



of 


B 

fa 



) 


.A. 




Steel Aluminum 

A = 250 mm 2 L = 2 m 

E = 200 GPa A = 300 mm 3 



Solution 242 



A - 5 S f + 5 a 
5 = 5s* + 0.55„[ 

5 _ g rt (2QOO-5) | f ^(2000) 
250(200000) ' [300(70000) 

5 = (3.99 x 10^) a s t + (4.76 x 10“ 5 ) 
c?aE = 105 000 - 0,83790^ 

= 105 000 - 0.8379(2. 4 c>a;) 
3.010960s! = 105 000 
o af = 34 872.6 MPa 


IMc = 0 
0.75P ;f = 1.5P d 
Psf = 2 P rJ 

Csf Ti-s; — 2(tJa! A^ 

_ _ 2(a j: 7\ ai ) 

A 

„ _ 2[aj300)] 

— 

250 

cfsf = 2.4 <j it1 
6a; = &e 

By ratio and proportion: 


0.75 1.5 

5a = 0.55b 
5 a = 0.58az 


Problem 243 


A homogeneous rod of constant cross section is attached to unyielding supports. It 
carries an axial load P applied as shown in Fig. P-243. Prove that the reactions are given 
by Ri = Pb/L and R 2 = Pa/L. 


Figure P-243 


Ri 


■ a -t4« 


Rx 


Solution 243 


L = a -l- b 


Ri 


I< 


1 



, P 

rf' a I* 

^ ^ -j. 

* O * 


Ri— ►' 

1 

1 



Ri 


Ri 


R; 


Ri 


IFh- 0 
Si + S 2 = P 
Ri = P — Si 

Si = Sj = 6 


( PL 

( PL ) 

l ae Ji 

lAE.J; 


S L fl _ R 2 b 
AE AE 
Sifl = S 2 b 


s 2 = p-p&/l 

p - p ( L ~ h > 

R2 ~— — 

Si = Pa /I 


Sis = (P - Ri)b 
Sis = Pb — Rib 
Ri(b + b) = Pb 
RiL = Pb 
Si = Pb/L 


ok! 


ok! 


Problem 244 

A homogeneous bar with a cross sectional area of 500 mm 2 is attached to rigid 
supports. It carries the axial loads PI = 25 kl\l and P2 = 50 kN, applied as shown in Fig. 
P-244. Determine the stress in segment BC. (Hint: Use the results of Prob. 243, and 
compute the reactions caused by Pi and P 2 acting separately. Then use the principle of 
superposition to compute the reactions when both loads are applied.) 


A B 

C D 

i — > ~ 

I, ^ 


l X Pl 

X Pi , 

0.60 m 1 L20 m 

n 0.90 m 


Figure P-244 


Solution 244 


k 2.70 m 

1 

A B 

c c 

1— -»25~ 

1—^50 <N 



0.60 m 1.20 m 

4, * 

^ 0,90 m 


From the result of Prob. 243: 
Ri = 25(2 .10)/ 2. 70 
Ri = 19.44 kN 

R 2 = 50(0,90)/2.70 
= 16.67 kN 



Rj 


Ri 


R.A ~ Ri — 

Ra = 19.44 + 16.67 
R a = 36.11 kN 

For segment BC 
Pbc + 25 = R* 

Pbc + 25 = 36.11 
Pbc= 11.11 kN 


25 kN' 



P EC _ 11 . 11 ( 1000 ) 

cf£c — — — 

A 

tijfc = 22.22 MPa 


Ra 


500 


Problem 245 


The composite bar in Fig. P-245 is firmly attached to unyielding supports. Compute the 
stress in each material caused by the application of the axial load P = 50 kips. 


Steel 

Aluminum A - 2.0 in 2 

A = 1.25 in 2 E = 29 x 10 6 psi 


E = 10 x 10 psi 


& 

bm 



[ J 

L 

z. 

■ 15 in 

10 in 



Figure P-245 and P-246 


Solution 245 

Uh = 0 

Ri + R 2 50 000 
Ri = 50 000 - R 2 



o Sf 5 



Ri(15) = RatlO) 

1.25(10 xlO 6 ) 2,0(29 x 10“) 

R 2 = 6.96Ri 
R 2 = 6,96(50 000 - Rj) 

7,96R 2 = 348 000 
R 2 = 43 718.59 lb 


R 2 43718.59 

a sf = — — = 

A sf 2.0 

a sf = 21 859.30 psi 

Ri = 50 000 - 43 718.59 
Ri = 6281.41 lb 

R, 6281.41 

OrJ = — - = 

Aa 1.25 

a r j = 5025.12 psi 


Problem 246 

Referring to the composite bar in Prob. 245, what maximum axial load P can be applied 
if the allowable stresses are 10 ksi for aluminum and 18 ksi for steel. 


Solution 246 



5*t = Sal = 5 


f OL ) = ( 

aL \ 

UJ, l 

■ E Jd 


°d<15) 

29x10" 

10x10 s 


a s , = 4.35<?aj 


When <j 3 ; = 10 ksi 
a* = 4.35(10) 

fjn = 43.5 ksi > IS ksi (not ok!) 

When = IS ksi 
IS = 4.35a fl j 

= 4,14 ksi <10 ksi (ok!) 


Use aj = 4.14 ksi and a 5 * = 18 ksi 


SF fl = 0 
P = Ri + P 2 
P = cra;j4s: + 

P = 4.14(1.25) + 18(2.0) 
P = 41.17 kips 


Problem 247 

The composite bar in Fig. P-247 is stress-free before the axial loads PI and P2 are 
applied. Assuming that the walls are rigid, calculate the stress in each material if Pi = 
150 kN and P 2 = 90 kl\l. 


Aluminum 
A = 900 mm 1 
E = 70 GPa 


Steel 

A = 2000 mm 2 
E = 200 GPa 


Bronze 

A = 1200 mm 1 
E = 83 GPa 


Pi 




•br__+ 


500 mm 250 mm 350mm 


Figure P-247 and P-246 


Solution 247 


KiJ 

ISO kN 

90 kN 


+ 



-f- ^ 

■C jt 

f ^ 


5 TO mm ' 

1 

'250 mm 

1 

350 mm 

Ri 

1 

Ri 


— H 

1 1.13 

1 ^ 

1 ' 







150 - Ri ■* i 


— > 


- 4 ,' 


5* 

240 - R x ^ 

r 1 


150 - Ri 


From the FED of each material shown 
S ff : is shortening 
S S ' and 5[, are lengthening 
P 2 = 240 - Pi 
Pal = Pj. 

P st = 150 - Kr 
Pit = R? = 240 — Pi 


R 2 


+ 5 [t 


PL 


.1 - 


ae J , t > 


PL 

AE 


} + f— ) 

L U ek 


P, 


P x (500) = (150 -PJ (250) 

R / 900(70000) 2000(200000) 

, <240-R 1 )(350) 
1200 (S3 000) 
150 - Rt (240 -PJ7 


126000 1600000 


1992000 


^R l = ^(150-^0 + ^(240 -Pi) 

+ ^ m ^ = m < 150 > + m ( 240 > 
Pi = 77.60 kN 


P a ; = Pi = 77.60 kN 

F st = 150 - 77.60 = 72.40 kN 

P h - = 240 - 77.60 = 162.40 kN 

u = P/A 

u ai = 77.60(1000)/900 
= 86.22 MPa 

cr Sf = 72.40(1000)/ 2000 
= 36.20 MPa 

oir = 162.40(1000)/ 1200 
= 135.33 MPa 


Problem 248 

Solve Prob. 247 if the right wall yields 0.80 mm. 


Solution 248 


Aluminum steel Bronze 




i 



90 kN ! 

150 kN 


1 

1 

500 mm 

250 mm 

350 mm 1 



150,000 - R,- 


-+L 


“n 

240,000 - R x 


150,000 - It] 


— *| |<- 
5br - 0.8 ^ 1 


5fl! “ Sif + (Sfrr + 0.8) 



Pi (500) 
900(70000) 


+ 


PI 

AEJ 


Si 



+ 0.8 


_ (150000 - Rj)(250) 
2000(200000) 
(240000-^X350) +og 
1200(83000) 


Rj _ 150000 -Pj 
126000 1600000 

7(240000 -P.) 

+ — - + o.8 

1992000 


(150000-.RO 
+ (240000 - Pi) - 1600 

C^ + W + ^)^=1S0(15OOOO) 
+ (240000) + 1600 

Pi = 143 854 N = 143.854 kN 


Pat = Pi = 143.854 kN 

P st = 150 - Pi = 150 - 143.854 = 6.146 kN 

P* = P 2 = 240 - Pi = 240 - 143.854 = 96.146 kN 

o -P/A 

a flE = 143 .8 54(1000)/ 900 
= 159.84 MPa 

a, t = 6.146(1000)/2000 
= 3.073 MPa 

ct r = 96.146(1000) / 1200 
= 80.122 MPa 


Problem 249 

There is a radial clearance of 0.05 mm when a steel tube is placed over an aluminum 
tube. The inside diameter of the aluminum tube is 120 mm, and the wall thickness of 
each tube is 2.5 mm. Compute the contact pressure and tangential stress in each tube 
when the aluminum tube is subjected to an internal pressure of 5.0 MPa. 


Solution 249 



Internal pressure of aluminum tube to cause 
contact with the steel: 


0.05 mm 


Steel Tube r 
t = 2.5 mm 

Aluminum, 
t = 2.5 mm 


Ond 


= 

l E L 


Center lire of 
aluminum at 
first contact 
with the steel 



7t(122.6 - 122.5) = 

ql = 57.143 MPa 
^ - = 57.143 

^ (120) = 57.143 


g 1 (122.5ic) 

70000 



FBD for p> 2.381 MPa 

Defoimatlon of steel 



2(2.5) 

pi = 2.3S1 MPa 

pressure that 
causes alumumm to contact 
with the steel, further increase 
of pressure will expand both 
aluminum and steel tubes. 

Let = contact pressure between steel and 
aluminum tubes 


2F* + 2 P al = F 

2Psr + 2 F a -, = 5.0(1 20. 1)(1) 

p si + Pd = 300.25 Equation (1) 

The relationship of deformations is 
(from die figure): 

S at = 127.69 
0 = W 127.6 


k- 122.5 


Deformation of aluminum 


h — 127.6 — 

Geometric relation of deformations 


= 122.50 

5d = 122.5 (5 £t / 127.6) 


5,si = 0.96S s} 
(PL 


AE 


= 0.96 : 


f PL ') 

AE J 


P*{U2Sn) =0% 

2.5(70000) 

Pd = 0.35P i( 


•Sf 

P st (127.6Tt) " 
2.5(200000) 

Equation (2) 


Fc = pc{ 125.1X1) 



From Equation (1) 

P st + 0.35P 5f = 300.25 
Pst = 222.41 N 

P s ; = 0.35(222.41) 

Pd = 77.84 N 

Contact Force 


Pc - 2P sf = F 

p c (125.1)(1) - 2(77.84) = 5(120.1)(1) 
p L - = 3.56 MPa 


Problem 250 

In the assembly of the bronze tube and steel bolt shown in Fig. P-250, the pitch of the 
bolt thread is p = 1/32 in.; the cross-sectional area of the bronze tube is 1.5 in. 2 and of 
steel bolt is % in. 2 The nut is turned until there is a compressive stress of 4000 psi in 
the bronze tube. Find the stresses if the nut is given one additional turn. Flow many 
turns of the nut will reduce these stresses to zero? Use Ebr = 12 x 10 6 psi and Est = 29 
x 10 6 psi. 


v -v -v-vv v -v 1 , 1 v -wv w. 


L = 4D in. 
Figure P-250 



Solution 250 

Pet = Per 

Asf cr 5 + — Pjj r (Jjij- 

■§ a sf = 1.5 cjbt 

CFst = 2 <3br 



For one turn of the nut: 
Ssf + S&r = 


( aL ' 


l.X 

l l e l 


g a [40) + Qij. (40) = _1_ 
29xl0 6 12xl0 6 32 

a, f + cfir = 22 656.25 

2<jffr + -§<7^ = 22 656.25 

Oi jr = 5129.72 psi 

Osf = 2(5129.72) = 10 259.43 psi 


Initial stresses: 

= 4000 psi 

os, = 2(4000) = 8000 psi 
Final stresses: 

o* = 4000 + 5129.72 = 9129.72 psi 
a*, = 2(9129.72) = 18 259.4 psi 


Required number of turns to reduce oj, to zero: 


h = 


9129.72 

5129.72 


= 1.78 turns 


Tlie nut must be turned back by 1.78 turns 


Problem 251 


The two vertical rods attached to the light rigid bar in Fig. P-251 are identical except for 
length. Before the load W was attached, the bar was horizontal and the rods were 
stress-free. Determine the load in each rod if W = 6600 lb. 



Solution 251 


support 0 

4 Pa + SPe = 10(6600) 

P A + 2P b = 16500 4 (1) 



Pa = 0.7 5P E 


From equation (1) 
0.75Pb + 2Pb = 16500 
Ps = 6000 lb 


Pa = 0.75(6000) 
Pa = 4500 lb 


Problem 252 

The light rigid bar ABCD shown in Fig. P-252 is pinned at B and connected to two 
vertical rods. Assuming that the bar was initially horizontal and the rods stress-free, 
determine the stress in each rod after the load after the load P = 20 kips is applied. 



* 4ft 


A <£ 


Aluminum 
L = 4ft 
A = 0.75 in 2 
E = 10 x 10 s psi 


|«— 2ft 


Steel 
L= 3 ft 
A = 0.5 in? 

E = 29 x 10 s psi 

|1 D 

UP 


4 — 2 ft — * 




Figure P-252 


Solution 252 


TMb = 0 

4P flf + 2P S f = 4(20 000) 

4(a,ii Ajj) + 2cF 5f A S f = 80 000 

4[a r j (0.75)] 4- 2[a S f (0.5)] = 80 000 
3a r j - o sf = SO 000 (1) 

5,f _ 0 gi 

2 4 


5 £ f O.pSjjj 



-„J P,-(4) 

29xl0 4 ' [_10x 10* 



From equation (1) 
3a.,; 4- cf fl r = 80 000 

Oid = 16 216.22 psi 
a r j = 16.22 ksi 


a*= § (16.22) 
a 3 * = 31.35 ksi 


Problem 253 

As shown in Fig. P-253, a rigid beam with negligible weight is pinned at one end and 
attached to two vertical rods. The beam was initially horizontal before the load W = 50 
kips was applied. Find the vertical movement of W. 


Brorze 



Solution 253 



SiVIttijT SHprarf 0 

3P* + 12 P st = 8(50 000) 

3P tr + 12P* = 400 000 ->(!} 



P a (10) 

0.5(29x10*) 


= 4 


P t r(3) 

2(12 x 10°) 


P st = 0,725Pbr 


From equation (1) 

3P ir + 12(0.725Ppr) = 400 000 
Pir = 34 1S8.03 lb 

g = ( PL "j 34188.03(3x12) 

UeJit 2(12x10*) 

6^ = 0.0513 in 



5 W _ 5 tr 

8 3 

Sjv= jSftr 
&w= f (0.0513) 

Stv= 0.1368 in 

Check by 8 S f: 

P st = 0.725P* = 0.725(34 188.03) 

P sl = 24 786.32 lb 

I — | 

IaeJ„ 

24 786.32(10 x 12) 

0.5(29x10°) 

0.2051 in 

jjw _ ^3i_ 

8 12 

®H r= ■§■ 5si 

Siv = I (0.2051) = 0.1368 in ok! 

Problem 254 

As shown in Fig. P-254, a rigid bar with negligible mass is pinned at O and attached to 
two vertical rods. Assuming that the rods were initially tress-free, what maximum load P 
can be applied without exceeding stresses of 150 MPa in the steel rod and 70 MPa in the 
bronze rod. 


S st = 
s 5t = 


2 m 1.5 m 1.5 m 



Figure P-254 


Solution 254 


ZM o = 0 
2 P = 1.5P* + 3 P* 

2 P = 1.5(0*21*,) + 3CCi,rA^) 

2P = 1.5[cF S f (900)] + 3[crtr (300)] 
2P = 135Ga s , + 9Q0ojr 
P = 675 o ? , + 450a2* 



5 2* _ 

3 1.5 


5j* = 26* 



83 



c»lt = 0 . 62200 ?, 


When o 5f =150 MPa 

02 * = 0.6225(150) 

Oi, r = 93.375 MPa > 70 MPa (not ok!) 

When oi* = 70 MPa 
70 = 0.6225o st 

o s * = 112.45 MPa < 150 MPa (ok!) 

Use o S f = 112.45 MPa and 0 &,- = 70 MPa 

P = 675cr Sf + 45002* 

P = 675(112.45) + 450(70) 

P = 107 403.75 N 
P = 107.4 kN 


Problem 255 

Shown in Fig. P-255 is a section through a balcony. The total uniform load of 600 kN is 
supported by three rods of the same area and material. Compute the load in each rod. 
Assume the floor to be rigid, but note that it does not necessarily remain horizontal. 




Solution 255 



S A = Sc + Si 5 a = St - 


5e ~ Sc + S2 


S 2 = 5e — 3 c 
5 t _ 5^ 

~6~ T J 


61 — 35^ 


&a ~ 5c + Si — Sc + 352 


Sa = Sc + 3 (Sb — Sc) 
5 a = 35# — 2Sc 


f P1 ] -s| 

■ PL ') 

U EJa 

,^eJ, 


Pa (5) _ 3F b (6) 
AE AE 



2P C (6) 


AE 


P A = 3.6P E -2.4P C ^ (1) 

[TFy = 0] Pa + Pb + Pc = 600 

(3.6 P B - 2.4 P c ) - - P c = 600 

4.6P b - 1 ,4P C = 600 (2) 


[SMa = 0] 4Pe + 6Pc = 3 (600) 

Pe = 450 - 1.5P C 4 (3) 


Substitute Pb = 450 - 1.5Pc to (2) 
4.6(450 - 1.5P C ) - 1.4P C = 600 
8.3Pc = 1470 
P c = 177.11 kN 
From (3) 

P E = 450 - 1.5(177.11) 

P E = 184,34 kX 
From (1) 

Pa = 3.6(184.34) - 2.4(177.11) 
Pa = 238.56 kX 


Problem 256 

Three rods, each of area 250 mm2, jointly support a 7.5 kN load, as shown in Fig. P- 
256. Assuming that there was no slack or stress in the rods before the load was applied, 
find the stress in each rod. Use E st = 200 GPa and E br = 83 GPa. 



Figure P-256 




Solution 256 


cos 25° = 


2.75 


Ii JT = 3,03 m 



Btasition of Joint A 
A' '■--‘“Vafter elongation 


Zfv=0 

2 Pir cos 25° + P* = 7.5(1000) 

F* = 7500 - 1.81261V 

= /O00 1.3126 tjpy A py 

Off (250) = 7500 - l.S126[cF tr (250)] 

a„ = 30 - 1,8126 cr tr (1) 

2 

cos 25° = 

8 s t 

5^ = 0.9063 Ssf 


obr = 0.3414o S f (2) 

From equation (1) 

a* = 30 - 1. 8126(0. 3414a S f) 

a* - 18.53 MPa 




a s ,(2.75) 


S3 


200 


From equation (2) 
obr = 0.3414(13.53) 
0[ 7 = 6.33 MPa 


Problem 257 


Three bars AB, AC, and AD are pinned together as shown in Fig. P-257. Initially, the 
assembly is stressfree. Horizontal movement of the joint at A is prevented by a short 
horizontal strut AE. Calculate the stress in each bar and the force in the strut AE when 
the assembly is used to support the load W = 10 kips. For each steel bar, A = 0.3 in. 2 
and E = 29 x 10 6 psi. For the aluminum bar, A = 0.6 in. 2 and E = 10 x 10 6 psi. 




Solution 257 


cos 40° = 10 / Lab ; Lie = 13.05 ft 
cos 20° = 10 / Lad', Lid = 10.64 ft 



IFv = 0 

Pab cos 40° + Pac + Pad cos 20° = 10(1000) 
D.7660Pae + Pac + 0.9397Pad = 10 000 (1) 


5 a* — cos 40° Sac — 0.7660 &ac 


( PL 

UeJ« 


= 0.7660 



^ (13 '° 5) = 0.7660 ^ (10) 

0.3(29x10°) 0.6(10x10°) 

Pab = 0.85 11 Pac (2) 


Sad cos 20° Sac — 0.9397 8^ 


PL 
. AE 


= 0.9397 


AD 


PL ] 

) AC 


(10.64) 
0.3(29xl0 6 ) 
Pad = 1,2S06Pac 


= 0.9397 


Pac(10) 

0.6(10 x 10 s ) 

4(3) 


Substitute Pab of (2) and Pad of (3) to (1) 

0, 7660 (0.8511 Pac) + Pac + 0. 9397(1. 2806P^ C ) = 10 000 
2.8553Pac = 10 000 
Pac = 3 502.23 lb 


Pa* = 0.8511(3 502.23) from (2) 

Pab = 2 980.75 lb 

Pad = 1.2806(3 502.23) 4 from (3) 

Pad = 4 484.96 lb 


Stresses: 
cj = P/A 

Oab = 2980.75/0.3 = 9 935.83 psi 
cjac = 3502.23/0,6 = 5 837.05 psi 
ctad = 4484.96/0.3 = 14 949.87 psi 

SFh = 0 

Pae + Pad sin 20° = Pa* sin 40° 

Pae = 2 980.75 sin 40° - 4 484.96 sin 20° 
Pae = 382.04 lb 


Thermal Stress 

Temperature changes cause the body to expand or contract. The amount 8 T , is given by 


Sr = aL(Tj- Ti) = v.L AT 


where a is the coefficient of thermal expansion in m/m°C, L is the length in meter, and 
T, and T f are the initial and final temperatures, respectively in °C. 

For steel, a = 11.25 x 10 -6 / °C. 

If temperature deformation is permitted to occur freely, no load or stress will be 
induced in the structure. In some cases where temperature deformation is not 
permitted, an internal stress is created. The internal stress created is termed as thermal 
stress. 

For a homogeneous rod mounted between unyielding supports as shown, the thermal 
stress is computed as: 


55S? 



deformation due to temperature changes; 


5r = aL AX 

deformation due to equivalent axial stress; 


PL g L 

of= = — 

AE E 


Sr - Sj> 

aL AT = — 

E 

a = E a AT 

where a is the thermal stress in MPa and E is the modulus of elasticity of the rod in MPa. 
If the wall yields a distance of x as shown, the following calculations will be made: 




or = x + 5p 


aL AT = x 


aL 

E 


where a represents the thermal stress. 

Take note that as the temperature rises above the normal, the rod will be in 
compression, and if the temperature drops below the normal, the rod is in tension. 

Solved Problems in Thermal Stress 


Problem 261 

A steel rod with a cross-sectional area of 0.25 in 2 is stretched between two fixed points. 
The tensile load at 70°F is 1200 lb. What will be the stress at 0°F? At what temperature 
will the stress be zero? Assume a = 6.5 x 10" 6 in / (in-°F) and E = 29 x 10 6 psi. 


Solution 261 


1200 lb 



For the stress at 0°C: 
6 = S, + S £f 


1200 lb 


SI 


O-rt |f 


f -wH 

a = a E(AT) + — 

A 

c = (6.5 x 10“ 6 ) (29 x 10*) (70) + 
o = 17 995 psi = 18 ksi 


1200 

0.25 


1200 b 


For the temperature that causes zero stress: 
1200 lb SI St = Ss* 


5 rt £ 


otX(AT) = 

^ ' AL 


(6.5x10^(1-70) = 


1200 


0.25(29x10°) 


T = 95.46°C 


Problem 262 

A steel rod is stretched between two rigid walls and carries a tensile load of 5000 N at 
20°C. If the allowable stress is not to exceed 130 MPa at -20°C, what is the minimum 
diameter of the rod? Assume a = 11.7 nm/(m-°C) and E = 200 GPa. 


Solution 262 


50C0 M 


50-00 N 



— = a\{&T) + 

E 


A 

AE 


a = aE(AT) + — 

A 

130 = (11.7 x 10 -fi )(20D 000) (40) + 
5000 


36.4 


137.36 nun 2 


5000 

A 


d 2 = 137.36; d = 13.22 mm 


Problem 263 

Steel railroad reels 10 m long are laid with a clearance of 3 mm at a temperature of 
15°C. At what temperature will the rails just touch? What stress would be induced in the 
rails at that temperature if there were no initial clearance? Assume a = 11.7 |im/(m-°C) 
and E = 200 GPa. 

Solution 263 

Temperature at which 5j = 3 mm: 

5r = otL(AT) 

5 r = aL(Tf- Ti) 

3 = (11.7 * 10" 6 )(10 000) (T/- 15) 

Tf = 40.64°C 

Required stress: 

5 = 07 

^ 

O = Qt E(7r- Ti) 

a = (11.7 x 10 _b )(200 000) (40.64 - 15) 
cr = 60 MPa 

Problem 264 

A steel rod 3 feet long with a cross-sectional area of 0.25 in. 2 is stretched between two 
fixed points. The tensile force is 1200 lb at 40°F. Using E = 29 x 10 6 psi and a = 6.5 x 
10' 6 in./(in.-°F), calculate (a) the temperature at which the stress in the bar will be 10 
ksi; and (b) the temperature at which the stress will be 


5 = 3 mm 


— 

10 m Or = 3 mm 


zero. 


Solution 264 


(a) Without temperature change: 
a = Pj A = 1200/0.25 = 4800 psi 
a = 4.8 ksi < 10 ksi 

A drop of temperature is needed to increase the 
stress to 10 ksi. See accompanying figure. 

S = 8r 


, 1 

1200 lb 

h) 

1200 lb 

H 

J 

4 

&T 

^ i 


U L J 



= a%(AT) -i- -^L 
E AE 


q = aE(AT) + — 

A 

10 000 = (6.5 x 10^) (29 x 10°) (AT) - 


1200 

0.25 


AT = 27,59°F 


1200 111 


— 


Required temperature: 
(temperature must drop from 40 = F) 
T = 40 - 27.59 = 12.41' °F 


1200 


(b) From the figure below: 
6 = S r 

— = o:\(AT) 
AE 


or 

^7 


P = oAE{Tf- Tj) 

1200 = (6.5 x 10” 6 )(0.25) (29 x 10°)(Tr- 40) 
T/= 65.46°F 


Problem 265 

A bronze bar 3 m long with a cross sectional area of 320 mm 2 is placed between two 
rigid walls as shown in Fig. P-265. At a temperature of -20°C, the gap A = 25 mm. Find 
the temperature at which the compressive stress in the bar will be 35 MPa. Use a = 

18.0 x 10 -6 m/(m-°C) and E = 80 GPa. 


Figure P-265 



Solution 265 


L = 3 m 


5 


A = 2.05 mm 


Sj — 5 + A 
«L(AT) = ^ + 2.5 

(IS x 10 -6 ) (3000) (AT) = 3 ^ 3Q0 °^ + 2.5 

80000 


AT = 70.6°C 
T = 70.6 - 20 
T = 50.6°C 


Problem 266 

Calculate the increase in stress for each segment of the compound bar shown in Fig. P- 
266 if the temperature increases by 100°F. Assume that the supports are unyielding 
and that the bar is suitably braced against buckling. 


Aluminum 
A = 2.0 in 1 
E = 10 x L0 6 psi 
a = 12.8 x iO’V’F 


Seed 

A w 1.S fl* 

E s 29 x It* pa 
a =6.5* 10 V? 




G 

1 



10 in 

y 

15 in 


Figure P-266 


Solution 266 


L* U 

k-£| 


rn 

1 

1 

i 

\ 


t >i 

V 

6- 1 

10 in 

15 in 


5 r = a-L AT 

6r(fl} = (6.5 x 10 _fi )(15)(100) 
5ri>o = 0.00975 

5 tw = (12.8 x 10~°)(10)(100) 
5^ = 0.0128 ill 


5sf + + 6jKdi!> 


— I +1 — 1 = 0.00975 + 0.0128 

AE.) S{ IaeJbj 


where P = P s; = P„j 
P(15) s P(10) 
1.5(29xl0 6 ) 2(10xl0 e ) 


= 0.02255 


P = 26 691. 84 psi 


a = ■ 
a sf = 


P 

~A 

26691.84 

1.5 

26691.84 


= 17 794.56 psi 
= 13 345.92 psi 




2.0 


Problem 267 


At a temperature of 80°C, a steel tire 12 mm thick and 90 mm wide that is to be shrunk 
onto a locomotive driving wheel 2 m in diameter just fits over the wheel, which is at a 
temperature of 25°C. Determine the contact pressure between the tire and wheel after 
the assembly cools to 25°C. Neglect the deformation of the wheel caused by the 
pressure of the tire. Assume a = 11.7 nm/(m-°C) and E = 200 GPa. 


Solution 267 



5 = Sj 
PL 


aL AT 


AE 

P = a. AT AE 

P = (11.7 x 10-*) (BO - 25) (90 x 12) (200 000) 
P = 138 996 N 


F = 2P 
pDL = 2P 

p (2000) (90) = 2(133996) 
p = 1.5444 MPa 



Problem 268 

The rigid bar ABC in Fig. P-268 is pinned at B and attached to the two vertical rods. 
Initially, the bar is horizontal and the vertical rods are stress-free. Determine the stress 
in the aluminum rod if the temperature of the steel rod is decreased by 40°C. Neglect 
the weight of bar ABC. 


Figure P-268 


Steel 

L = 0,9 m 
A = 300 mnr 
E = 200 x 10 9 N/m J 
h = 11.7 iJin/jin^C) 

B 

Hi 


0,6 m 




Aluminum 
L=L2m 
A = 1200 mm 2 
E = 70 x 10 9 N/m 2 
a = 23 p.m/(rn*C) 



1.2 m 


Solution 268 


Contraction of steel rod, assuming complete freedom: 
Snjsi) = aL AT 

= (11.7 x lO- 6 ) (900) (40) 

= 0.4212 mm 

Hie steel rod cannot freely contract because of the 
resistance of aluminum rod. The movement of A 
(referred to as 5 a), therefore, is less than 0.4212 mm. 
In terms of aluminum, this movement is (by ratio and 
proportion) : 

5 a _ 5 ni 
0.6 1.2 
5a = 0.55*: 




T 

I 

"JT 


5* 


T - 

Nit 


JL 


A 



5r(5(j - 5cf - 0.5 S a ; 
PL') 


0.4212 - 


0.4212 - 


TIE 


= 0.5 


f PL 


Sst 


P sf (900) 


300(200000) 
2S0S0 - P st = 0.4762P a! 


{AE 
= 0.5 


Pj(1200) 
1200(70' 000) 
Equation (1) 


ZMb = 0 
0,6Psf = 1.2Pnj 

Pj. = 2Pni Equation (2) 

Equations (1) and (2) 

2S0S0 - 2P r j = 0.4762P r j 
P ai = 11340 N 



11340 

1200 


a„s = 9.45 MPa 


Problem 269 

As shown in Fig. P-269, there is a gap between the aluminum bar and the rigid slab that 
is supported by two copper bars. At 10°C, A = 0.18 mm. Neglecting the mass of the 
slab, calculate the stress in each rod when the temperature in the assembly is increased 
to 95°C. For each copper bar, A= 500 mm 2 , E = 120 GPa, and a = 16.8 nm/(m-°C). For 
the aluminum bar, A = 400 mm 2 , E = 70 GPa, and a = 23.1 |rm/(m-°C). 



Solution 269 


L 


V \ 


L J 

> 


A ^ Final Position 


.J 

t 



* ' 


j V 

''-Initial Position 

i 

4 


Assuming complete freedom: 

5 r = aL AT 

St(co> = (16.8 x 10^) (750) (95 - 10) 

= 1.071 mm 

5iw = (23.1 x 10"-) (750 - 0.18) (95 - 10) 
= 1.472 mm 


From the figure: 
&T(aI) - Sul = 5r(.:o) + 

1.472 - 


( PL '\ , 

( PL ' | 

= 1.071 + 


UeL 



1.472 - 2F(7S °-°- 1S) - 1.07! + F(750) 

400(70000) 500(120000) 


0.401 = (6.606 x 10- 5 ) F 
F = 6070.37 N 
P af = F = 6070.37 N 
P al = 2F = 12 140.74 N 


o = P/A 




6070.37 


= 12.14 MPa 


500 

12140.74 


CFflf = 


400 


= 30.35 MPa 


Problem 270 


A bronze sleeve is slipped over a steel bolt and held in place by a nut that is turned to 
produce an initial stress of 2000 psi in the bronze. For the steel bolt, A = 0.75 in 2 , E = 
29 x 10 6 psi, and a = 6.5 x 10" 6 in/(in-°F). For the bronze sleeve, A = 1.5 in 2 , E = 12 x 
10 6 psi and a = 10.5 x 10" 6 in/(in-°F). After a temperature rise of 100°F, find the final 
stress in each material. 


Solution 270 



Before temperature change: 
Pjr r = Ob.- Afer 




J ►Pa 


ZZZZZZZZZZZZZZZW — fj ^ 


= 2000(1.5) 

= 3000 lb compression 
XFh = 0 


P=r = ftr = 3000 lb tension 
G S f = Ptf/Agf - 3000/0.75 
= 4000 psi tensile stress 


5 = 

E 



& 

II 

II 

2O0OI 

= 1.67 x 10 _i L shortening 

12x 10 6 

i? = & = 

4O0OI 

= 1,38 x 10 _4 L lengthening 

29 x 10 s 


With temperature rise of 100°F: 
(Assuming complete freedom) 

Sr = a I A T 

S n , = (10.5 x 10- 6 )! (100) 

= 1.05 x 10- 3 L > a 
Sii( = (6.5 x 10^)1 (100) 

= 6.5 x 10^1 

Stit - a = 1.05 x 10" 3 ! - 1.67 x 10^L 
= 8.83 x 10^1 

5iu + b = 6.5 x 10^1 + 1.38 x 10^L 
= 7.88 x 1(HL 

Stlt - fl > &Tsi + b (see figure below) 


* OTlf — » 


H 

1 I I 


&Tst 




Final 


b c 


Position 
3 + CFbr 

P* 

Obr 


5j[ T - a - d — b + &Tsi c 


1.05 x 10‘ 3 L - 1.67 x 10^L - | — 

E Jtr 


a L 


= 1.33 x 10^L + 6.5 x 10^L + 


8.83 x 10^L - a * L 


PI 

AE 


12x10° 


P«L 


0.75(29 x 10°) 


= 7.88 x 10^1 + 


9 5 x 10- 4 - — = _ii 

1.5(12 x 10 s ) 0.75(29x10°) 

Pr f = 20 662.5 - 1.2CS3Fbr -> Equation (1) 

IFh = 0 

FW = Psf -5> Equation (2) 

Equations (1) and (2) 

F sf = 20 662.5 - 1.20S3P sf 
F si = 9356.74 lb 
Ptr = 9356.74 lb 

o = P/A 

= 6237.83 psi compressive stress 
= 12 475.66 psi tensile stress 


Oir — 


Ojf — 


9 356.74 

1.5 
9 356.74 

0.74 


Problem 271 

A rigid bar of negligible weight is supported as shown in Fig. P-271. If W = 80 kN, 
compute the temperature change that will cause the stress in the steel rod to be 55 
MPa. Assume the coefficients of linear expansion are 11.7 |um/(m-°C) for steel and 18.9 
|im / (m-°C) for bronze. 



Solution 271 


Stress in bronze when g # = 55 MPa 



^TT(br) ^br 


TM a = 0 

4Pi jr + P* = 2.5(80000) 

4o Jr (1300) + 55(320) = 2.5(80000) 
Ol- = 35,08 MPa 


By ratio and proportion: 

+ ^5f = ®T(&r) _ ®2?r 

— i~ 

SixeO + 6 fft = 0.25[6r(sn + 5&r] 
(o.L AT) s t + 1^! 


0.25 («LAT)*+[- 

t) I 


^ ArJ 


(11.7x10*) (1500) A T + 


55(1500) 

2000 


= 0.25 


(18.9 x 10” 6 ) (3000) AT + 


35.08(3000) 

83000 


0.017 55 AT + 0.4125 = 0.014 175 AT + 0.317 
AT = -28.3 °C 


A temperature drop of 28.3 "C is needed to stress the 
steel to 55 MPa. 


Problem 272 

For the assembly in Fig. 271, find the stress in each rod if the temperature rises 30°C 
after a load W = 120 kN is applied. 

Solution 272 

TM a = 0 

4P* + P st = 2.5(80000) 

4a tr (1300) + a si (320) = 2.5(80000) 

16.25<Jb- + a 3i = 625 

a* = 625 - 16.25 at?- Equation (1) 

^F(sf} _ ^sf _ ^T(br} + ^tr 

~~ 1 4 ~ 

Orrst'i - 6a = 0.25[6r(hr) -I- 8&r] 


/ y \ 

(o.L A T) si +(^| = 0.25 («L AT)* + 

(11.7 x 10 -6 ) (1500) (30) + qs ^ 150 °^ 

200000 


aL 

E Jbr 


= 0.25 


(18.9x10 _6 )(3000)(30) + 


a* (3000) 
83000 


0.5265 + 0.0075a S f = 0.425 25 + 0.00904a* 
0.0075a., - 0.00904a* = -0.10125 
0.0075(625 - 16.25cflt) - 0.00904a* = -0.10125 
4.6875 - 0.121 S75a* - 0.009 04a* = -0.101 25 
4.788 75 = 0.130 915a* 
a* = 36.58 °C 


cjj f = 625 - 16.25(36.58) 
<Jsf = 30.58 °C 


Problem 273 

The composite bar shown in Fig. P-273 is firmly attached to unyielding supports. An 
axial force P = 50 kips is applied at 60°F. Compute the stress in each material at 120°F. 
Assume a = 6.5 x 10~ 6 in/(in-°F) for steel and 12.8 x 10~ 6 in/(in-°F) for aluminum. 


Figure P-273 and P-274 


Aluminum 
A = 2 in 1 


Steel 
A = 3 in 1 



Solution 273 



Stmi _ (at A T)j; 

5tw = (12.8 x 10-°)(15){120 - 60) 
Sr(nri = 0.011 52 inch 

3r<sf} = (at AT) sr 

5r(sf) = (6.5 x 10^) (10) (120 - 60) 

5r(sf} = 0.0039 inch 


Srtnii - Sflj 

0.011 52 
0.011 52- 


S st - 5; 


Tisi) 


\r* 

ll 

f PL ) 

AE ' 

\AE) t 


0.0039 


R{15) 


(R + 50000)(10) 


2(10x 10°) 3(29 xlO e ) 

100 224 - 6.525P = E + 50 000 - 33 930 
84 154 = 7.525P 
R = 11 183.25 lbs 


0.0039 


P a ; = R = 11 183.25 lbs 

P Bt = R + 50 000 = 61 183.25 lbs 

P 

CF = 

A 

11 183.25 

Cat “ 

2 

= 5 591.62 psi 
61 183.25 
°* f 3 

= 20 394.42 psi 


Problem 274 

At what temperature will the aluminum and steel segments in Prob. 273 have 
numerically equal stress? 


Solution 274 



Final Position — -p 


50,tH}Q - R x 



i 

I 


+ 


■ 6rw 
10 in — ^ 


R 1 _ (50000 - Pi) 
~2 3~ 

3Ri = 100 000 - 2Ri 
Hi = 20 000 lbs 


o = 


dal 


Ost — 


PL 
A E 

20000(13) 


= 0.015 inch 


2(10x10*) 
(50000-20 000) (10) 
3(29x10°) 


= 0.003 45 inch 


5s! - - 5 5t - 5r{ S t) 

0.015 - (12.8xl0-°)(15) AT = 0.003 45 + (6 .5x10-*) (10) AT 
0.011 55 =0.000 257 AT 
AT = 44.94*F 


A drop of 44.94°F from the standard temperature will 
make the aluminum and steel segments equal in 
stress. 



Problem 275 


A rigid horizontal bar of negligible mass is connected to two rods as shown in Fig. P- 
275. If the system is initially stress-free. Calculate the temperature change that will 
cause a tensile stress of 90 MPa in the brass rod. Assume that both rods are subjected 
to the change in temperature. 



Solution 275 


Pb, ^ 



'Ihinge support 0 

5 Z\ T - 3 P~ = 0 

— 0 

5 (90) (1200) - 3o„ (1500) = 0 
a B = 120 MPa 

5 = aL / E 

5br = 90(2000) / 100 000 = 1.8 mm 
= 120(3000) / 120 000 = 3 mm 

_ ®T(hr) 

5 


55j(cd 1 - 56eo = 38br - 36r(tr> 

5(16 .8x1 0~ 6 ) (3000) AT - 5(3) 

= 3(1.8) - 3(18. 7x10"*) (2000) AT 
0.3642 AT = 20.4 

AT = 56,0i°C drop in temperature 


Problem 276 

Four steel bars jointly support a mass of 15 Mg as shown in Fig. P-276. Each bar has a 
cross-sectional area of 600 mm2. Find the load carried by each bar after a temperature 
rise of 50°C. Assume a = 11.7 nm/(m-°C) and E = 200 GPa. 



Solution 276 



h = Li sin 45° 
h = Li sin 60° 

h = h 

Li sin 45° = L? sin 60° 
Li = 1.2247L 2 


51 = 5 sin 45° 

5 2 = 6 sin 60° 

5 a = 5 sin 45° 
6 2 6 sin 60° 

Si = 0.816552 


ctLi AT + 

A E 


= 0.8165 



AT + 


■PjLj 

~AE 


(11.7xl0^)Li (50) + 


P±i 

600(200000) 


= 0.8165 


(11.7 x 10 -6 )L 2 (50) + 


p 2 i 2 

600(200000) 


70,200Ll + FlLl = 0.8165(70,20012 + P 2 L 2 ) 
(70,200 + Pi) Lj = 0.8165(70,200 + P^l 2 
(70,200 + Pi)1.2247t*= 0.8165(70,200 + P 2 )'& s . 
1.5(70,200 + Pi) = 70,200 + P 2 
P? = 1.5Pi + 35,100 Equation (1) 



l¥v=0 

2(Pi sin 45°) + 2(P 2 sin 60°) = 147.15(1000) 
Pi sin 45° + P 2 sin 60° = 72,575 
Pi sin 45° + (1.5?! + 35,100) sin 60° = 72,575 
0.7071 Pi + 1.299Pi - 30,397.49 = 72,575 
2.0061Pi = 42,177.51 
Pi = 21,024.63 N 


Pi = 1.5(21,024.63) + 35,100 
Pi = 66,636.94 N 


Pa = Pd = Pi = 21. 02 kN 
P E = Pc = P 2 = 66.64 kN 



Torsion 

Consider a bar to be rigidly attached at one end and twisted at the other end by a 
torque or twisting moment T equivalent to F x d, which is applied perpendicular to the 
axis of the bar, as shown in the figure. Such a bar is said to be in torsion. 



TORSIONAL SHEARING STRESS, t 

For a solid or hollow circular shaft subject to a twisting moment T, the torsional 
shearing stress t at a distance p from the center of the shaft is 

Tp Tr 

t = — and Cd*l'< = — 

/ / 

where J is the polar moment of inertia of the section and r is the outer radius. 
For solid cylindrical shaft: 



ANGLE OF TWIST 


The angle 0 through which the bar length L will twist is 

9 = in radians 

JG 

where T is the torque in l\l-mm, L is the length of shaft in mm, G is shear modulus in 
MPa, J is the polar moment of inertia in mm 4 , D and d are diameter in mm, and r is the 
radius in mm. 


POWER TRANSMITTED BY THE SHAFT 

A shaft rotating with a constant angular velocity co (in radians per second) is being acted 
by a twisting moment T. The power transmitted by the shaft is 

P = Tea = 2nTf 

where T is the torque in l\l-m, f is the number of revolutions per second, and P is the 
power in watts. 


Solved Problems in Torsion 

Problem 304 

A steel shaft 3 ft long that has a diameter of 4 in. is subjected to a torque of 15 kip-ft. 
Determine the maximum shearing stress and the angle of twist. Use G = 12 x 10 6 psi. 


Solution 304 


Tmax 


167 

ttD 3 


16(15) (1000 )(1 2) 

W) 


Tmax = 14 324 psi 
Tmax = 14.3 ksi 


e _ TL _ 15(3)(10QQ)(12 2 ) 
JG £ji(4 4 )(12xlO e ) 

6 = 0.0215 rad 
0 = 1.23° 



Problem 305 


What is the minimum diameter of a solid steel shaft that will not twist through more 
than 3° in a 6-m length when subjected to a torque of 12 kl\l-m? What maximum 
shearing stress is developed? Use G = 83 GPa. 


Solution 305 


P 

JO = 12(6)(1000 3 ) 

1 180° J ■^■raf 4 (S3 000) 
d - 113.98 mm 

. 161 _ 16 ( 12 ){ 1000 : ) 
"riP tt{113,98 3 ) 
Xmas = 41.27 MPa 


Problem 306 

A steel marine propeller shaft 14 in. in diameter and 18 ft long is used to transmit 5000 
hp at 189 rpm. If G = 12 x 10 6 psi, determine the maximum shearing stress. 


Solution 306 

P _ 5000(396000) 
2xrf 2x(189) 

T = 1 667 337.5 lb-in 

. 161 _ 16(1667337.5) 

T max -j- 77717 

ira te(14 ) 

= 3094.6 psi 


Problem 307 

A solid steel shaft 5 m long is stressed at 80 MPa when twisted through 4°. Using G = 
83 GPa, compute the shaft diameter. What power can be transmitted by the shaft at 20 
Hz? 



Solution 307 


0 = 


TL 

JG 


r 


7(5)(1000) 

ISO 0 .; ^rti 4 (S3000) 
7 = 0.1133# 


Tim* 


80 = 


- 161 

JTjj 3 

16(0.1138jJ 4 ) 


Ttd 3 

d = 138 mm 


7 = 


P 

2jt/ 


0.1138# = 


P 

2ir(20) 


P = 14.3# = 14.3(13S 4 ) 

P = 5 186 237 285 N mm/ sec 
P = 5 186 237.28 W 
P = 5.19 MW 


Problem 308 

A 2-in-diameter steel shaft rotates at 240 rpm. If the shearing stress is limited to 12 
ksi, determine the maximum horsepower that can be transmitted. 


Solution 308 


. 16T 

Tirax TJ- 
JT-TJ 

12 ( 1000 } = 

7t(2 3 ) 

7 = IS 849.56 lb in 


7 = 


2 it/ 


18 849.56 = 


P(396000) 

2tt(240) 


P = 71.7S hp 



Problem 309 


A steel propeller shaft is to transmit 4.5 MW at 3 Hz without exceeding a shearing stress 
of 50 MPa or twisting through more than 1° in a length of 26 diameters. Compute the 
proper diameter if G = 83 GPa. 

Solution 309 

P 4.5(1000000) 

2jt(3) 

T = 238 732.41 N m 

Based on maximum allowable shearing stress: 

_ 16T 

T BH.v , 3 

xd* 

_ 0 = 16(238732.41) (1000) 

xd* 

d = 289.71 mm 

Based on maximum, allowable angle of twist: 

0=^ 

/G 

( ?r \ _ 238 732. 41 (26 d){ 1000) 
llS0°j 4 (83000) 

d = 352.08 mm 


Use the bigger diameter, d = 352 mm 



Problem 310 


Show that the hollow circular shaft whose inner diameter is half the outer diameter has 
a torsional strength equal to 15/16 of that of a solid shaft of the same outside diameter. 


Solution 310 


Hollow circular shaft: 
16TD 


Tmax-hodlanv 



IT 

16TD 

7T [D 4 -(+D) 4 ] 
16TD 


16 2 T 


15ttD j 


Solid circular shaft: 
16T 



ok! 


Problem 311 

An aluminum shaft with a constant diameter of 50 mm is loaded by torques applied to 
gears attached to it as shown in Fig. P-311. Using G = 28 GPa, determine the relative 
angle of twist of gear D relative to gear A. 


600 N m 



Solution 311 


800 Nm 


1100 M m 


900 N m 


Z m 


3 m 


Z rn 


600 Nm 


ii ii 


- iiiiiiiiiir 
300 N m 
lllllllllll 

"1 1 
1 

i 

l 


600 N-m 


iiiiiiiiiiiiiiiiiiiiiir 



-300 N m 


/G 


Rotation of D relative to A 
0 D /a = — Y TL 

1 


&D/A _ ' 


4 r Ti(50 i )(2SOO0) 


[300(2) - 300(3) + 600(2)] (100 2 ) 


= 0.1106 rad 
0 D / A = 6.34° 


Problem 312 

A flexible shaft consists of a 0.20-in-diameter steel wire encased in a stationary tube 
that fits closely enough to impose a frictional torque of 0.50 lb-in/in. Determine the 
maximum length of the shaft if the shearing stress is not to exceed 20 ksi. What will be 
the angular deformation of one end relative to the other end? G = 12 x 10 6 psi. 


Solution 312 





161 
ji d 3 


20 ( 1000 ) = 


16T 

40.20)' 3 


T = 
L = 


10ti lb-in 
T 


0.501b - in/ in 
L = 20 tc in = 62.33 in 


IOti lb ■ in 
0.501b • in/ in 


9 = 
If 0 


TL 

Jg 

= dQ, T = 0.5L and L = dL 


I 


de = — 
JG Jo 


20r 


(0.5L)dL 


0 = 


0 = 


0.5L" 


fG l 2 


2Dtt 


— [0.25(20it} 2 


- 0,25(0) 2 ] 


100tT 


^-7t(0.20 i )(12xl0 6 ) 
0 = 0.5234 rad = 30° 


Problem 313 


Determine the maximum torque that can be applied to a hollow circular steel shaft of 
100-mm outside diameter and an 80-mm inside diameter without exceeding a shearing 
stress of 60 MPa or a twist of 0.5 deg/m. Use G = 83 GPa. 

Solution 313 

Based on maximum allowable shearing stress: 

16TP 

W jt(D 4 - d 4 ) 

60- 167 < 1Q °> 

7t(100 4 -80 4 ) 

I = 6 955 486,14 N mm 
1 = 6 955.5 N-m 

Based, on maximum allowable angle of twist: 

0 =^ 

JG 

05 o|JL'| = mow) 

1.180 ° ) ^7r(100 4 -80 4 )(8300Q) 

I = 4 198 282,97 N mm 
1 = 4 198.28 N-m 

Use the smaller torque, T = 4 198,28 N-m 


Problem 314 

The steel shaft shown in Fig. P-314 rotates at 4 Hz with 35 kW taken off at A, 20 kW 
removed at B, and 55 kW applied at C. Using G = 83 GPa, find the maximum shearing 
stress and the angle of rotation of gear A relative to gear C. 


A B C 



55 mm 4> 


65 mm >{' 













f€ 4 m ^ 


z. m *\ 



Figure P-314 


Solution 314 


T = 

-35(1000) 

Ta = . , = -1392.6 N-m 

2ji(4) 

- 20 ( 1000 ) 

T B = = -795.8 N-m 

2ti(4) 

55(1000) 

T c = — — = 2188.4 N-m 


2ir(4) 


Relative to C: 


1392.6 N-m 

«*-c 


4 m 


795.A N-m 


3 


2 m 


2188.4 N-m 

ZK 


1392.6 N-m 


21S8. 4 N-m 


TAB = 


161 

nd 3 

16(1392, 6)(1000) 
ti(55 3 ) 


= 42.63 MPa 


16(2138.4) (1000) 

TEr — — 40.58 MF& 

ir(65 3 ) 


Tmax = Tab = 42.63 MPa 




XL 

/ 


&A/C “ 


83 000 


1392,6(4) 2138, 


-i-Ti(o5 4 ) 


m) 




( 1000 ") 


Qa/c = 0.104 796 535 rad 
e.A/c = 6.004° 


Problem 315 

A 5-m steel shaft rotating at 2 Hz has 70 kW applied at a gear that is 2 m from the left 
end where 20 kW are removed. At the right end, 30 kW are removed and another 20 
kW leaves the shaft at 1.5 m from the right end. (a) Find the uniform shaft diameter so 
that the shearing stress will not exceed 60 MPa. (b) If a uniform shaft diameter of 100 
mm is specified, determine the angle by which one end of the shaft lags behind the 
other end. Use G = 83 GPa. 


Solution 315 


7 = 

2 it/ 

-20(1000) 

T a = 7c = = -1591.55 N-m 

2rt(2) 

70(1000) 

T B = — - = 5570.42 N-m 

2?t(2) 

-30(1000) 

7c = = -23S7.32 N-m 


2tt(2) 


-20 kW 

A I 


+70 kW -20 kW -30 kW 

el cl d \ 


2 m | 1.5 ml 1.5 m 

I I 

i 3978.87 N-m i 







2387.32 N-m 












-1591.55 N-m 


Part (fl) 


Tmiv - 


167 
7 id 3 


For AS: 


For SC: 


For CD: 


16(1 591. 55)(1 000) 
60 = A 

■nd* 

d = 51.3 mm 
6fl= 16 ( 3978 ,8 7 ) ( 1 000) 
Ttrf 3 

d = 69,6 mm 

_ 16(2387.32)(1000) 


60 


mf 3 


d = 58.7 mm 
Use d = 69.6 mm 


Part (&) 
0 = 


71 

JG 


e D/ A = — Y tl 

JG^ 


0 D /A = 


1-1591.55(2) 


-^-tc(100")(83Q0O) 

+ 3978.87(1.5) + 2387.32(1.5)] (1000 2 ) 
0d/a = 0.007 813 rad 
B D/A = 0.448° 


Problem 316 


A compound shaft consisting of a steel segment and an aluminum segment is acted 
upon by two torques as shown in Fig. P-316. Determine the maximum permissible value 
of T subject to the following conditions: t st = 83 MPa, x a i = 55 MPa, and the angle of 
rotation of the free end is limited to 6°. For steel, G = 83 GPa and for aluminum, G = 

28 GPa. 


Figure P-316 



Solution 316 



T = 679 042.16 N mm 
7 = 679.04 N m 


TsJ = 


161 

n(40 I * 3 ) 


= 55 


7 = 691 150.38 N-min 
I = 691.15 N m 

Based on maximum angle of twist: 




7C 

180° 


) 


37(900) ^ 1(600) 

^to(50*)(83000) ^tt(40 4 * )(2SOOO) 


I = 757 316.32 N-nun 

7 = 757.32 N m 


Use T = 679.04 N in 


Problem 317 

A hollow bronze shaft of 3 in. outer diameter and 2 in. inner diameter is slipped over a 

solid steel shaft 2 in. in diameter and of the same length as the hollow shaft. The two 
shafts are then fastened rigidly together at their ends. For bronze, G = 6 x 10 6 psi, and 
for steel, G = 12 x 10 6 psi. What torque can be applied to the composite shaft without 
exceeding a shearing stress of 8000 psi in the bronze or 12 ksi in the steel? 



Solution 317 



D = 3 in r d = 2 in 


D = 2 in 



L± 

^rx(2 4 )(12xl0 e ) ir7T(3 4 

Li _ Li 

192x10* 390x10* 


-2 4 )(6xl0*} 
-> Equation (1) 


Applied Torque = Resisting Torque 


T = r 5 r + T w 


-> Equation (2) 


Equation (1) with T$t in terms of TV and Equation (2) 


192x10° 
390 x 10° 
Tirr = 0.6701 7 


Tbr + Tfr 


Equation (1) with TV in terms of T s * and Equation (2) 


7 = T st + 


390x 10' 


192x10' 
Ts, = 0.32991 


1 st 


Based on hollow bronze (Tt, = 0.67017) 
167T> 


imiv 


sooo = 


rc(D 4 -tf 4 ) 


J or 


16(0,67017)(3) 


ir( 3 4 - 2 4 ) 

I = 50 789.32 lb-in 
I = 4232.44 lb ft 


Based on steel core (T sf = 0.3299T): 
167 


Tmav 


TCD" 


J st 


12 000 = 


16(0.3299T) 

T?) 


T = 57 137.18 lb-in 
I = 4761.43 lb ft 


Use I = 4232.44 lb ft 


Problem 318 


A solid aluminum shaft 2 in. in diameter is subjected to two torques as shown in Fig. P- 
318. Determine the maximum shearing stress in each segment and the angle of rotation 
of the free end. Use G = 4 x 10 6 psi. 



BOO lb Ft 


Figure P-318 


Solution 318 



161 

"tinax ~3" 

:rD J 

For 2-ft segment: 

_ 16(600)(12) 

m*) 

For 3 -ft segment: 

16(800)(12) 


D18X3 


tt(2 3 ) 


= 4583.66 psi 


6111.55 psi 


e 

e 

e 

e 

e 


TL 


/G 



1 


3a n (2 4 )(4xlD 6 ) 
O.OS25 r ad 
4.73° 


[600(2) + 800(3)] (12 2 ) 


Problem 319 

The compound shaft shown in Fig. P-319 is attached to rigid supports. For the bronze 
segment AB, the diameter is 75 mm, t < 60 MPa, and G = 35 GPa. For the steel 
segment BC, the diameter is 50 mm, % < 80 MPa, and G = 83 GPa. If a = 2 m and b = 
1.5 m, compute the maximum torque T that can be applied. 


Solution 319 



Figure P-319 and P-320 



EM = 0 

T = Ter - T 5 + -> Equation (!) 


01rr — 05+ 


TW (2) (1000) = T# (1.5)(1000) 

■^n(75 4 ) (35 000) ^ 7t(50 4 )(S3 000) 


TV = 1.6011 
TV = 0.62467V 


I" Equations (2) 




161 

rrD 3 


Based on rj,- < 60 MPa 


60 = 


*(75 3 ) 


J iT = 4 970 097.75 N mm 

T’j' = 4.970 kK’ m Maximum allowable torque for bronze 


TV = 0.6246(4.970) -> From one of Equations (2) 

TV = 3.104 kN m. 


Based on z st < 80 MPa 

so = 16T * 

*(50 3 ) 

TV = 1 963 495.41 Tv mm 

TV = 1.963 kN-rn -> maximum allowable to«que for steel 

TV = 1.6011(1.963) -3» From Equations (2) 

= 3.142 kN-m 

Use IV = 3.142 kN m and TV = 1.963 kN-m 


1 = 3.142+ 1.963 
T = 5.105 kNm 


From Equation (1) 


Problem 320 


In Prob. 319, determine the ratio of lengths b/a so that each material will be stressed to 
its permissible limit. What torque T is required? 

Solution 320 

From Solution 319: 

Maximum TV = 4.970 kN-m 
Maximum TV = 1.963 kN-m 


tv - 



4.973fl (1000") _ 1.963b (1000 : ) 
^x(75 4 )(35 000) ^tt(50 4 )(83000) 

b/a = 1.187 

T = max Tir + max Tn 
1 = 4.970 + 1.963 
I = 6.933 kN-m 


Problem 321 

A torque T is applied, as shown in Fig. P-321, to a solid shaft with built-in ends. Prove 
that the resisting torques at the walls are Ti = Tb/L and T 2 = Ta/L. How would these 
values be changed if the shaft were hollow? 


PUB 

■ HI 

j 

* a 

\ T . t 4 I 




’1 

* J 1 

^ 

k l > 



Figure P-321 


Solution 321 


XM = 0 

T = Tj + T? -» Equation (1) 


01 — 0 2 


( XL j 

i— 'i 

JG, 1 1 = 

l/cj 


r.fT _ 

~]g ~~fG 


Tl = 
T? = 



a 


8 n r- 
6 Tl 




^ Equations (2) 


Equations (1) and (2) with Ti in terms of Ti: 

r = r 1+ -Jil 

p 


i = 


T t t) + 


r = (&+fl)T : 
b 

-T 

Ti = Tb/L 


Equations (1) and (2) with 1 1 in terms of h: 

t= -r 2 + r 2 

a 

j _ 7,&+ r 2 fl 


i = 


i = 


n)T 2 


c? 


lx. 


I 2 = Tfi/I 


If the shaft were hollow 1 , Equation (1) would be the 
same and the equality 01 = 07, by direct investigation, 
would yield the same result in Equations (2). 
Therefore, the values of Ti and T 2 are the same (no 
change) if the shaft were hollow. 


Problem 322 

A solid steel shaft is loaded as shown in Fig. P-322. Using G = 83 GPa, determine the 
required diameter of the shaft if the shearing stress is limited to 60 MPa and the angle 
of rotation at the free end is not to exceed 4 deg. 



2.5 m 


2.5 m 


L200 N-*n 


Solution 322 



Figure P-322 


Based on maximum allowable shear: 
167 

Wv 


L mra „ 2 . 

71 D 3 


For the 1 st segment: 

60 _ 45Q(2.5)(1000 2 ) 
ttD 3 

D = 1S1.39 mm 

For the 2 nd segment: 

1200 ( 2 . 5 ) ( 1000 2 ) 
i iD 3 


60 = 


D = 251,^4 mm 


Based on maximum angle of twist: 
TL 


6 = 


JG 


e = — V tl 

JG^ 

/ 

4° | 


kWBPJ ^jtD-( 83000) 
D = 51.89 mm 


[450(2.5) + 1200(2.5)] (1000=) 


Use D = 251.54 mm 


Problem 323 

A shaft composed of segments AC, CD, and DB is fastened to rigid supports and loaded 
as shown in Fig. P-323. For bronze, G = 35 GPa; aluminum, G = 28 GPa, and for steel, 
G = 83 GPa. Determine the maximum shearing stress developed in each segment. 

Figure P-323 





Solution 323 


Stress developed in each segment with respect to Ta: 



T* 


The rotation of B relative to A is zero. 
Sa/e = 0 


V — 1 

2-> t a 


J g .U, b 


= o 


T a (2)<1000 2 ) ^ (T a — 300)(2)(1000 2 ) 

-^-jt(25 4 ) (35000) ^-7t(50 4 )(23000) 


(T A -1000)(2.5)(1000 2 ) 
-jjTi(25 4 )(S3 000} 

2T A _ 2(T A - 300) 2.5 (T A -1000) 

(25 4 ) (35) (50 4 )(28) (25 4 )(83) 

16T A T a - 300 | 2D(T A - 1000) _ 

35 + 2S S3 




- A 


75 . 23 -i- 20000 

7 S3 lA 83 


= 0 


8527 

11620 


Ta = 251.673 


T a = 342.97 N-m 
LM = 0 

Ta +Te = 300 + 700 
342.97 +Te = 1000 
T b = 657.03 N m 


Ti, r = 342.97 N-m 

T a j = 342.97 - 300 = 42.97 N-m 

T* r = 342.97 - 1000 = -657.03 N m = -Tb (ok!) 


Tir 


TrJ 


. 161 
u ttD 3 
_ 16(342.97)(1000) _ „ 


jt(25 3 ) 


111.79 MPa 


Tsi = 


- 16(42.97)(1000) 
ir(50 3 ) 

1 6 ( 657.03 ) ( 1 0 00) 


x(25 3 ) 


= 214.16 MPa 




Problem 324 

The compound shaft shown in Fig. P-324 is attached to rigid supports. For the bronze 
segment AB, the maximum shearing stress is limited to 8000 psi and for the steel 
segment BC, it is limited to 12 ksi. Determine the diameters of each segment so that 
each material will be simultaneously stressed to its permissible limit when a torque T 
12 kip-ft is applied. For bronze, G = 6 x 10 6 psi and for steel, G = 12 x 10 6 

psi. 


Solution 324 



Figure P-324 


Tun* 


161 
7 TO 3 


For bronze: 


8000= 167bT 


TlD: 


fcr 


Tit - SOOirDj*.' lb-in 


For steel: 

12 000 = 


Mia 



r jf = 7 jOti D sf 3 lb- in 



IxVT = 0 

TV + T s( = 7 

T * + T s( = 12(1000) (12) 

TV + 7 si = 144 000 lb in 
500rc D Lt 3 + 750;r Dj = 144 000 

J = 283/ it - 1.5 -> equation (1} 





fTL] 

r tl 1 


I G k 

" fe 

St 


(6) 

T s( (4) 


(6x10*) ^irD st 4 (12xl0 6 ) 


T* 


D tr 4 

3D 4 

J i+ 


500nDj, 

3 _ 750tiD s , 3 

V 

3D sf 4 


Os; — 0.5E?fer 


From Equation (1) 

D t7 3 = 2S3/ir-1.5(0.5D !ir ) 3 
1.1875 Dj* = 28S fn 

Dbr = 4.26 in. 

Dsi = 0.5(4.26) = 2.13 in. 




Problem 325 


The two steel shaft shown in Fig. P-325, each with one end built into a rigid support 
have flanges rigidly attached to their free ends. The shafts are to be bolted together at 
their flanges. However, initially there is a 6° mismatch in the location of the bolt holes 
as shown in the figure. Determine the maximum shearing stress in each shaft after the 
shafts are bolted together. Use G = 12 x 10 6 psi and neglect deformations of the bolts 
and 


flanges. 

Solution 325 


Sof 6.y shafr + shaft - 6 C 

r TL'j ( TL 

of ti.5 1 shaft [JG 
T{6.5)(12 2 ) 


= 6 ° 


■ nf3_25 : shaft 

T(3.25)(12 2 ) 


\ 130° I 


-^Tr(2 4 }{12xl0”) ^-tc(1.5 4 )(12x10 6 ) 30 

T = 817.32 lb ft 


Tma2£ — 


16 T 

;rD 3 


16(817.32)(12) „ . 

^ of 6JSt shaft = — = 6243.86 pSl 


T Df3.2yshaf: = 


n(2 3 ) 
16(817.32)(12) 
ji(1.5 3 ) 


= 14 800.27 psi 



Flanged Bolt Couplings 



P = A- 


xcT 



In shaft connection called flanged bolt couplings (see figure above), the torque is 
transmitted by the shearing force P created in he bolts that is assumed to be uniformly 
distributed. For any number of bolts n, the torque capacity of the coupling is 


nd~ 

J = PP?1 = lRn 

4 

If a coupling has two concentric rows of bolts, the torque capacity 
is 


T = PiRifii + PzRztiz 

where the subscript 1 refer to bolts on the outer circle an 
subscript 2 refer to bolts on the inner circle. See figure. 



For rigid flanges, the shear deformations in the bolts are proportional to their radial 
distances from the shaft axis. The shearing strains are related by 


Ii_ = Ti 

R x R 2 

Using Flooke's law for shear, G = x / y, we have 


’■i _ -i 01 P_ / _ Pi / A? 

GjPj GnP.j G^Pj G^P^ 

If the bolts on the two circles have the same area, Ai = A 2 , and if the bolts are made of 
the same material, Gi = G 2 , the relation between Pi and P 2 reduces to 


A 

R. 


A 

R 1 


Solved Problems in Flanged Bolt Couplings 


Problem 326 

A flanged bolt coupling consists of ten 20-mmdiameter bolts spaced evenly around a 
bolt circle 400 mm in diameter. Determine the torque capacity of the coupling if the 
allowable shearing stress in the bolts is 40 MPa. 

Solution 326 

T = PRn = AtRjj = -i Tcc? 2 - t Rn 
T= j jt(20 2 )(40)(200){10) 

T = 8 000 OOOtt N-mm 
7 = 8ji kN m = 25.13 kN-m 

Problem 327 

A flanged bolt coupling consists of ten steel V 2 -in. -diameter bolts spaced evenly around 
a bolt circle 14 in. in diameter. Determine the torque capacity of the coupling if the 
allowable shearing stress in the bolts is 6000 psi. 

Solution 327 

T = PRn = AtRii = 7 ;rrf 2 TRf? 

T = -j 7i (600 0) (7) {10) 

T = 26250?r lb in 
T = 2 187,5 it lb ft = 6872.23 lb ft 

Problem 328 

A flanged bolt coupling consists of eight 10-mmdiameter steel 
bolts on a bolt circle 400 mm in diameter, and six 10-mm- 
diameter steel bolts on a concentric bolt circle 300 mm in 
diameter, as shown in Fig. 3-7. What torque can be applied 
without exceeding a shearing stress of 60 MPa in the bolts? 





Solution 328 


For one bolt in the outer circle: 


P a = At 


( 60 ) 


Pi = 1500;r N 


For one boll: in the inner circle: 

A = a 

r 2 

1500 it P 3 


200 150 

P 2 = 1125rr N 


T = PiRiHi + P;R?H2 
T = 1500k (200) (8) + 1125ti( 150)(6) 
T = 3 412 500ir N mm 
T = 3, 4125 it kN m = 10.72 kN-m 


Problem 329 

A torque of 700 Ib-ft is to be carried by a flanged bolt coupling that consists of eight Vi - 
in. -diameter steel bolts on a circle of diameter 12 in. and six V 2 -in. -diameter steel bolts 
on a circle of diameter 9 in. Determine the shearing stress in the bolts. 

Solution 329 



_ ^ T 2 


6 4.5 

= 0,75ii 

T = PifiiBi -1- P2R2T12 

700(12) = 4 rr(M-) 2 i 1 (6)(8) + 4 k(35) 2 t 2 (4.5)(6) 

S400 = 3jtti + 1.6875k(0.75ti) 

S400 = 13.4X! 

Ti = (>26.87 psi -» bolts in the outer circle 

12 = 0.75(626,87) = 470.15 psi bolts in the inner circle 



Problem 330 

Determine the number of 10-mm-diameter steel bolts that must be used on the 400- 
mm bolt circle of the coupling described in Prob. 328 to increase the torque capacity to 
14 kN-m 

Solution 330 

T = PiRnn + P 2 P^i 

14(1000-) = 1500ti (200)ni + 1125 ji( 150)(6) 
rci = 11.48 say 12 bolts 

Problem 331 

A flanged bolt coupling consists of six Vi -in. steel bolts evenly spaced around a bolt 
circle 12 in. in diameter, and four % -in. aluminum bolts on a concentric bolt circle 8 in. 
in diameter. What torque can be applied without exceeding 9000 psi in the steel or 
6000 psi in the aluminum? Assume G st = 12 x 10 6 psi and G a i = 4 x 10 6 psi. 

Solution 331 

T = (PRn) st + (PRnU 
T = + (AiRn)jd 

T= + iTce/4)2 TflI (4)(4) 

T = 2.25TTT 5f + 2.25kTos 
T — 2.257i(t s * + I*;) -> Equation [1} 



(12xlG s )(6) £4xl0 # )(4) 

T S + =-?■ Tflj -> Equation [2a] 

TrJ = |-Tsf -» Equation [2b) 

Equations (1) and (2a) 

I = 2.25ti( 4 T„r + Taj) = 12.37oirTflf 

I = 12.375ti( 6000) = 74 250;r lb-in 
I = 233.26 kip in 

Equations (1) and (2b) 

T = 2.25x(xst + ^ 1st) = 2.75irT = * 

I = 2.2571(9000) = 24 750* lb-in 
T = 77.75 kip-in 


Use T = 77.75 kip-in 



Problem 332 


In a rivet group subjected to a twisting couple T, show that the torsion formula t = Tp/J 
can be used to find the shearing stress t at the center of any rivet. Let J = ZAp 2 , where 
A is the area of a rivet at the radial distance p from the centroid of the rivet group. 



Problem 333 

A plate is fastened to a fixed member by four 20-mm diameter rivets arranged as 
shown in Fig. P-333. Compute the maximum and minimum shearing stress developed. 



Figure P-333 



Solution 333 


; 


Where: 

T = 14(1000X120) = 1 680 000 If mm 
J =TAf?= |(n)(20y[2(40 3 ) + 2(120=)] 

= 3 200 WOji mm 4 

Maximum shearing stress (p = 120 mm): 

_ 1 680 000(120) 

DU’-: 

3 200 OOQrc 

= 20,05 MPa 

Minimum shelling stress (p = 40 mm): 

1 680 000(40) 

tmin — 

3 200 OOOjt 
I nrun = 6.68 MPa 

Problem 334 

Six 7/8-in-diameter rivets fasten the plate in Fig. P-334 to the fixed member. Using the 
results of Prob. 332, determine the average shearing stress caused in each rivet by the 
14 kip loads. What additional loads P can be applied before the shearing stress in any 
rivet exceeds 8000 psi? 





Solution 334 



Without the loads P: 

t-a 

/ 

Where: T = 14(10} = 140 kip- in 

p = -/is" in 

J =ZAp 2 = i(nn)J) 2 [ 4{-/ii0 J +2(2) Z ] 


36.08 in 
1 maximum 


140(Vl3) 

36.08 
= 14.0 ksi 


_ 140(2) 

36.0S 
= 7.76 ksi 


With the loads P, two cases will aiise: 

1 st case (P < 14 kips) 

I = 10(14) - 6P = (140 - 6P) kip in 

x=^ 

I 


S0Q0 = (140 — 6P)(1000)(Vl3) 

36.08 

80.05 = 140 - 6P 
P = 10.0 kips 

2 nd case (P > 14 kips) 

T = 6P - 10(14) = (6P - 140) kip in 

x=Z£ 

; 

S0Q0 = (6P-140)(1000)(Vl3) 

36.08 

50. 05 = 6P - 140 
P = 36.68 kips 



Problem 335 

The plate shown in Fig. P-335 is fastened to the fixed member by five 10-mm-diameter 
rivets. Compute the value of the loads P so that the average shearing stress in any rivet 
does not exceed 70 MPa. (Hint: Use the results of Prob. 332.) 



Solution 335 

Solving for location of centroid of rivets: 

A Xc = Jjix 

Where A = \ (SO 4 160){80) 

= 9600 mm 3 

3l = a 2 = a 3 = ± (flO)[SO) = 3200 mm 2 
= x 3 = -y {80) = 80/3 mm 
x 2 = 2. (go) = 1(50/3 mm 

9600Xg = 3200(80/3) + 3200(160/3) + 3200(80/3) 
Xg = 320/9 mm 



80 


k — 80 — H 



n = ^(320 /9) 2 ■+■ 80 2 = 87.54 mm 
r 2 = ^(30-320/9)- + 40 2 = 59.79 mm 
/ = IAp 2 = |n(10 z )(2n 2 + 2ii- + Xg 2 ) 

/ = -y ir(10 2 ) [2(87. 54) 2 + 2(59.79) 2 + (320/ 9) 2 ] 

7 - 1 864 565.79 mm 4 
I = (120 + 1O0)P = 220P 


Hie critical rivets are at distance ri from centroid: 

j 

220P(S7.54) 

1 864 565.79 


P = 6777.14 N 



Torsion of Thin-Walled Tubes 

The torque applied to thin-walled tubes is expressed as 



T = 2Aq 

where T is the torque in N-mm, A is the area enclosed by the centerline of the tube (as 
shown in the stripefilled portion) in mm 2 , and q is the shear flow in N/mm. 

The average shearing stress across any thickness t is 

= I = T 

T f 2 At' 

Thus, torque T ca also be expressed as 

1= 2Ah. 


Solved Problems in Torsion of Thin-Walled Tubes 


Problem 337 

A torque of 600 N-m is applied to the rectangular section shown in Fig. P-337. 

Determine the wall thickness t so as not to exceed a shear stress of 80 MPa. What is the 
shear stress in the short sides? Neglect stress concentration at the corners. 


Solution 337 

T = 2 Atr 

Where: T = 600 N-m = 600 000 N-mm 

A 30{00) 24M- mm 3 

i - 80 Mru 

arm Ann - ?(?4fln)(f)(Rrt) 

t = 1.5615 mm 

At any convenient center O within the section, the 
farthest side is the shortest side, tints, it is induced 
with the maximum allowable shear s tress of 80 MPa. 



Problem 338 

A tube 0.10 in. thick has an elliptical shape shown in Fig. 
P-338. What torque will cause a shearing stress of 8000 
psi? 

Solution 338 




T = 2Ah 

Where: A = sab = n(3)(l,5) = 4,5n in 1 

T = 0. 10 in 
r = 8000 psi 

T = 2(4.5 n) (0. 10)(800Q) 

T = 22619.47 lb in 

T = 22.62 kip in 


Problem 339 

A torque of 450 lb-ft is applied to the square section shown in Fig. 
P-339. Determine the smallest permissible dimension a if the 
shearing stress is limited to 6000 psi. 


Solution 339 

T=2Ah 

Where: T = 450 lb-ft 

T = 450(12) lb-in 
A = a : 
t = 6000 psi 

450(12) = 2/i 2 (0.10)(6000) 

a = 2.12 in 


1 


1 1 



t 

t = 0,10 in. 


a 





U . -Ji 


Figure P-339 


Problem 340 

A tube 2 mm thick has the shape shown in Fig. P-340 
the shearing stress caused by a torque of 600 N-m. 

Solution 340 

T= 2A£t 


. Find 


I* — 80 mm — H 

Figure P-340 




Where: A = n(10 2 ) + 80(20) = 1914.16 mm i 

t = 2 mm 

T = 600 N-m = 600 000 Nmm 


600 000 = 2(1914.16)(2)t 


t = 78.36 MPa 



Problem 341 

Derive the torsion formula x = Tp/J for a solid circular section by assuming the section is 
composed of a series of concentric thin circular tubes. Assume that the shearing stress 
at any point is proportional to its radial distance. 

Solution 341 


J = 2Atx 

Where: T = dT; A = up 1 ; t = dp 



I I 



Helical Springs 


When close-coiled helical spring, composed of a wire of round rod of diameter d wound 
into a helix of mean radius R with n number of turns, is subjected to an axial load P 
produces the following stresses and elongation: 



The maximum shearing stress is the sum of the direct shearing stress ii = P/A and the 
torsional shearing stress x 2 = Tr/J, with T = PR. 


T = Xi + I 2 = 


P _ 16(PK) 
ircf 2 / 4 7id n 


16 PR(^ d ) 


This formula neglects the curvature of the spring. This is used for light spring where the 
ratio d/4R is small. 


For heavy springs and considering the curvature of the spring, a more precise formula is 
given by: (A. M. Wahl Formula) 


16 PR. ' 4 m - 1 0 . 6 1 o 

i = y - + 

7 id V.4p?j-4 mi 

where m is called the spring index and (4m - 1) / (4m - 4) is the Wahl Factor. 
The elongation of the bar is 


c _ 64FS 3 n 
Gd 4 

Notice that the deformation 8 is directly proportional to the applied load P. The ratio of P 
to 5 is called the spring constant k and is equal to 

. P Gd 4 _ T/ 

fc = — = — ui K/ min 

3 64i?"n 




SPRINGS IN SERIES 


For two or more springs with spring laid in series, the resulting spring constant k is 
given by 



1 fk — l/fcj_ + 1/&2 + 

where k lr k 2/ ... are the spring constants for different springs. 


SPRINGS IN PARALLEL 



k = fa + ki + ... 


Solved Problems in Helical Springs 

Problem 343 

Determine the maximum shearing stress and elongation in a helical steel spring 
composed of 20 turns of 20-mm-diameter wire on a mean radius of 90 mm when the 
spring is supporting a load of 1.5 kN. Use Eq. (3-10) and G = 83 GPa. 


Solution 343 


16 PR | " 4m -1 _ 0.615 ^ 
jid ?J , 4m - 4 m ,■ 


Equation (3-10) 


Where P = 1.5 kN = 1500 N; R = 90 mm 
d = 20 mm; n = 20 turns 
m = 2R/d = 2{90)/20 = 9 


16(1500)(90) 

~4(9) - 1 0.615 ' 

vr(20 3 ) 

4(9) - 4 ' 9 


Tmit = 99.87 MPa. 


64Pfl*n = 64(1500)(90 s )(20) 
Gi 4 83 000(20 4 ) 


8 = 105.4 nun 



Problem 344 


Determine the maximum shearing stress and elongation in a bronze helical spring 
composed of 20 turns of 1.0-in. -diameter wire on a mean radius of 4 in. when the 
spring is supporting a load of 500 lb. Use Eq. (3-10) and G = 6 x 10 6 psi. 


Solution 344 

Tmax = 

Where 


16 PR i 4m -1 0.615 j 

mi 3 •. 4ffi - 4 m ,■ 

P = 500 lb; R = 4 in 
d = 1 in; n = 20 turns 
m = 2R/d = 2(4)/i = S 


Equation (3-10) 


16(500)(4) 4(8) -1 0.615 

:t(l 3 ) [4(8) -4 8 

12 060.3 psi = 12.1 ksi 

64 PR^n = 64(500)(4 3 )(20) 
Gd 4 (6xlQ b }(l 4 ) 

5 = 6.83 in 


Tmax 
Tmix = 


Problem 345 

A helical spring is fabricated by wrapping wire % in. in diameter around a forming 
cylinder 8 in. in diameter. Compute the number of turns required to permit an 
elongation of 4 in. without exceeding a shearing stress of 18 ksi. Use Eq. (3-9) and G 
12 x 106 psi. 

Solution 345 

Equation (3-9) 

4 

l)J 

P = 356.07 lb 

3 _ 64PR 3 n 

64(356.07)(4 3 )n 
(12 x 10 6 )(3/4) 3 
n = 13,88 say 14 turns 

Problem 346 

Compute the maximum shearing stress developed in a phosphor bronze spring having 
mean diameter of 200 mm and consisting of 24 turns of 200-mm-diameter wire when 
the spring is stretched 100 mm. Use Eq. (3-10) and G = 42 GPa. 


mi 3 { 4.R ) 


18000 


16P(4) 


43/4) J 


1 + 


3/ 

4(4 



Solution 346 


5 = 


Gti 4 


Where 


100 = 


& = 100 mm; R = 100 mm 
d = 20 mm; n = 24 turns 
G = 42 000 MPa 


64P(1Q0 5 )24 

42000(20 4 ) 


P = 437.5 N 


Where 


T IMX 


16PRi 4m -1 0.615 \ 

mi 3 l 4m— 4 m J 


m = 2R/d 

= 2 [ 100)/20 = 10 


16(437.5)(100) 
jt(20'' ) 


2 ( 10 ) -1 

2 ( 10)- 4 


Equation (3-10) 


0.615 

10 


W = 34.79 MPa 


Problem 347 

Two steel springs arranged in series as shown in Fig. P-347 supports a load P. The 
upper spring has 12 turns of 25-mm-diameter wire on a mean radius of 100 mm. The 
lower spring consists of 10 turns of 20-mmdiameter wire on a mean radius of 75 mm. If 
the maximum shearing stress in either spring must not exceed 200 MPa, compute the 
maximum value of P and the total elongation of the assembly. Use Eq. (3-10) and G = 
83 GPa. Compute the equivalent spring constant by dividing the load by the total 
elongation. 



Solution 347 




Spring (1) 
r = 12 turns 
d = 25 mm 
R = 100 mm 
m = 2(10Q)/25 = 8 

Spring (2) 
n = 10 turns 
d = 20 mm 
R = 75 mm 
m = 2{75)/20 = 7,5 





16PP | 4 m - 
'nd 2 ’ V 4ra 


1 0.615; 

■4 m ) 


For Spring (1) 

16F(10Q) 


200 = 


7t(25 ) 
P = 5182.29 N 

For Spring (2) 

200 = 


Equation 3- 10 


4(8) - 1 0.615 

4(8) -4 S 


16P(75) 

4(7.5) -1 0.615' 

tt(20 3 ) 

4(7.5) -4 7.5 


P = 3498.28 N 
Use P = 3498.28 N 


Total elongation; 
5 = Sj + 5t 


5 = 

64PhM 

64PR 3 h 1 

t 3 + 



l Grf 4 l 

l a** 4 J 


_ 64(3498,28)(100 3 )12 64(3498.28) (75 3 ) (10) 
83 000(25 4 ) S3 000(20 4 ) 

5 = 153.99 mm 


Equivalent spring constant, ^equivalent: 


k 


equivalent 


p_ 

3 


3498.28 

153.99 


Icequivaisrit 22. / 2 


Problem 348 

A rigid bar, pinned at O, is supported by two identical springs as shown in Fig. P-348. 
Each spring consists of 20 turns of 3 /4-in-diameter wire having a mean diameter of 6 in. 
Determine the maximum load W that may be supported if the shearing stress in the 
springs is limited to 20 ksi. Use Eq. (3-9). 




Solution 348 


. 16PR ( d 

Tunic ; 1 + — — 

iri 3 [ 4 R 


Equation (3-9) 


20 000 = 16P ^ 


tt( 3/4) 3 
P = 519.75 lb 


1 + 


3/4 

4(3) 


For this problem, the critical spring is the one 
subjected, to tension. Use P; = 519.75 lb. 



Sl= 1 52 


64 P^RTii 


■' 64P,rV) 


Grf 4 2 , Gd 4 

Pl = y P 2 = y (519.75} 
P L = 259.875 lb 




ZM d = 0 
7W = 2Pi + 4P? 

7PV = 2(259.875) + 4(519.75) 
W= 371.251b 


Problem 349 

A rigid bar, hinged at one end, is supported by two identical springs as shown in Fig. P- 
349. Each spring consists of 20 turns of 10-mm wire having a mean diameter of 150 
mm. Compute the maximum shearing stress in the springs, using Eq. (3-9). Neglect the 
mass of the rigid bar. 



Solution 349 




0 2 0 n 

Y = ~6~ 

Si= 402 

64P 1 R 3 n 1 ( 64P,P 3 n "i 

Gt f 4 _ 3! Grf 4 J 

Pl = } P 2 

tangeo smjpart — 0 

2Pi + 6P : = 4(98.1) 
2(^-P 2 ) +6Pz = 4(98.1) 

Pz = 5S.S6 N 

Pi = f (58.86) = 19.62 N 


. 16PPf d 

T max 71“ 1 ~T 

JTli 3 \ 4R 


Equation (3-9) 


For spring at left: 

16(19.62)(75) 


Xmivl - 


TI(10 3 ) 

= 7.744 MPa 


1 + - 


10 


4(75) 


For spiing at right: 

_ 16(5S.S6)(75) 

'‘E'JCiZ 


n(ltr) 
x^yz = 23.232 MPa 


1- 


10 


4(75) 



Problem 350 

As shown in Fig. P-350, a homogeneous 50-kg rigid block is suspended by the three 
springs whose lower ends were originally at the same level. Each steel spring has 24 
turns of 10-mm-diameter on a mean diameter of 100 mm, and G = 83 GPa. The bronze 
spring has 48 turns of 20-mm-diameter wire on a mean diameter of 150 mm, and G = 
42 GPa. Compute the maximum shearing stress in each spring using Eq. (3-9). 



Solution 350 

XF V = 0 

Pi + Pi + Pj = 490.5 Equation (1) 

ZMi= 0 

Pz(l) + Pa(3) = 490.5(1.5) 

Pi + 3 Pi = 735.75 Equation (2} 

5 ;~ 5 & i 

1 3 

& = 4-83 + j5i 

64P,(50 3 )(24) _ 1 1" 64P 3 (75 5 )(4B) - 
S3000(10 4 ) ^|_ 42 000(20 4 ) 

2 ~64P 1 (50 3 )(24) 

" "3 83000(10 4 ) 

w P 2 = + t it 

-ik F2 = W P- Equation (3) 






From Equation (1) 

Pi = 490.5 - Pi - Ps 

Substitute Pi to Equation (3) 

ife (490.5 -P,-P 3 ) 

166 P 2 = 1792 P 3 + "Tso" “ P 3 

ife ?2 = m - lS3ff Equation (4) 

From Equation (2) 

P 2 = 735.75 - 3P S = ^ - 3P S 

Substitute Pi to Equation (4) 

_L_ , 2943 _ ml = m _ 1C45 

166' 4 '■ L 3 > 166 143 73d j 

r 1045 15 , n . _ ?B1 M 715 

t TWT75 ~ 166 )*3 ~ 356 53J - 

P 3 = 195.01 N 

P 2 = 735.75 - 3(195.01) = 150.72 N 
Pi = 490.5 - 150.72 - 195.01 = 144.77 N 


16PR |' d | 
4P.J 


Equation (3-9) 


For steel at left: 

16(144.77) (50) 


TauxI — 


4itn 


i+- 


10 

4750) 


= 38.709 MPa 


For steel at right: 

16(150.72)(50) 


T ma.\l 


410 ") 


1 + - 


10 


4(50) 


= 40.300 MPa 


For phosphor bronze: 

16(195.01) (75) 




420 3 ) 


1 + - 


20 

4(75) 


= 9.932 MPa 



Shear & Moment in Beams 


DEFINITION OF ABEAM 

A beam is a bar subject to forces or couples that lie in a plane containing the 
longitudinal of the bar. According to determinacy, a beam may be determinate or 
indeterminate. 

STATICALLY DETERMINATE BEAMS 

Statically determinate beams are those beams in which the reactions of the supports 
may be determined by the use of the equations of static equilibrium. The beams shown 
below are examples of statically determinate beams. 



s 








Cantilever Beam 


P M 

. A. - (? —& 

Simple Beam 
w (N/m'l 

3sk 

Overhanging Beam 

STATICALLY INDETERMINATE BEAMS 

If the number of reactions exerted upon a beam exceeds the number of equations in 
static equilibrium, the beam is said to be statically indeterminate. In order to solve the 
reactions of the beam, the static equations must be supplemented by equations based 
upon the elastic deformations of the beam. 

The degree of indeterminacy is taken as the difference between the umber of reactions 
to the number of equations in static equilibrium that can be applied. In the case of the 
propped beam shown, there are three reactions and M and only two equations 

(IM = 0 and sum;F v = 0) can be applied, thus the beam is indeterminate to the first 
degree (3 - 2 = 1). 





Fixed or Restained Beam 


Wi 

Continuous Beam 

TYPES OF LOADING 

Loads applied to the beam may consist of a concentrated load (load applied at a point), 
uniform load, uniformly varying load, or an applied couple or moment. These loads are 
shown in the following figures. 

w (N/m) 

Concentrated Loads Uniform Load 






Uniformly Varying Load Applied Couple 





Shear and Moment Diagrams 

Consider a simple beam shown of length L that 
carries a uniform load of w (N/m) throughout its 
length and is held in equilibrium by reactions Ri 
and R 2 . Assume that the beam is cut at point C a 
distance of x from he left support and the portion of 
the beam to the right of C be removed. The portion 
removed must then be replaced by vertical 
shearing force V together with a couple M to hold 
the left portion of the bar in equilibrium under the 
action of Ri and wx. The couple M is called the resisting moment or moment and the 
force V is called the resisting shear or shear. The sign of V and M are taken to be 
positive if they have the senses indicated above. 



Solved Problems in Shear and Moment Diagrams 

INSTRUCTION 

Write shear and moment equations for the beams in the following problems. In each 
problem, let x be the distance measured from left end of the beam. Also, draw shear 
and moment diagrams, specifying values at all change of loading positions and at points 
of zero shear. Neglect the mass of the beam in each problem. 

Problem 403 

Beam loaded as shown in Fig. P-403. 


30 kN SO kN 





Solution 403 


From the load diagram: 
TMs = 0 

5jRd + 1(30) = 3(50) 

Rd = 24 kN 


TMd = 0 

5R b = 2(50) + 6(30) 
R e = 56 kN 

Segment AB: 

= -30 kN 
Mas = -30 a kN-m 


30 kN 



X 


Segment BC: 

Vec = -30 + 56 
= 26 kN 

Mbc = -30a- + 56(a - 1) 
= 26a - 56 kN-m 


30 kN 




Segment CD: 

Vqj = —30 + 56 — 50 
= -24 kN 

Mcd = -30a + 56(a - 1) - 5Q( a - 4) 
= -30a + 56a - 56 - 50a + 200 
= -24a + 144 


Load 

Diagram 


Shear 

Diagram 



To draw the Shear Diagram: 

(1) In segment AB r the shear is 
uniformly distributed over the 
segment at a magnitude of -30 
kN. 

(2) In segment 3C r the shear is 
uniformly distributed at a 
magnitude of 26 kN. 

(3) In segment CD,, the shear is 
uniformly distributed at a 
magnitude of -24 kN. 

To draw the Moment Diagram: 

(1) The equation M A3 = -3 Ox is 

linear; a: x = 0, = 0 and at 

x = 1 m r Mah = -30 kN-m. 

(2) Mbc = 26x - 56 is also linear. 
At x = 1 m, M Ej= = -30 kN-m; at 
x = 4 m r M Ej= = 48 kN-m. When 
Me = 0 r x = 2.154 m, thus the 
moment is zero at 1,154 m 
from B, 

(3) M cd = -24k + 144 is again 
linear. At x = 4 m ; M CD = 48 
kN-m; at x = 6 m r M ro = 0. 


Moment 

Diagram 




Problem 404 


Beam loaded as shown in Fig. P-404. 


Solution 404 


2000 lb 

B 


1 

FU 

Figure P-404 


M = 4800 Ib-ft 
C 




6ft 


3 ft 


A 

Rd 


12R d + 4800 = 3(2000) 
R d = 100 lb 

Segment AB\ 

Vab = 1900 lb 
Mae = 1900x lb- ft 


TMd = 0 

12 R a = 9(2000) + 4300 
R a = 1900 lb 



R a = 1900 lb 


Segment BC: 

V BC = 1900 - 2000 
= -100 lb 

M bc = 1900a - 2000 (a - 3) 

= 1900a - 2000a- + 6000 
= -100a + 6000 



2000 lb 

L ^ ft- -1- n ft- J 

X 

r 4 

Fb ^ 

i 

♦ M = 4800 Ib-ft 

1900 lb 

■» in 


Segment CD: 

Vo, = 1900 - 2000 

= -100 lb 

M LT = 1900a - 2000(a - 3) - 4SOO 
= 1900a - 2000a + 6000 - 4300 
= -100a + 1200 


A 




Load 

Diagram 


Shear 

Diagram 


Moment 

Diagram 


To draw the Shear Diagram: 

(1) At segment AB r the sheas is 
unifosmly distributed at 19CC ib. 

(2) A shear of -100 16 is uniformly 
distributed over segments BC 
and CD. 

To draw the Moment Diagram: 

(1) Mae = 1900* is linear; at x = 0, 
Mae = 0: at x = 3 ft, M*e = 5700 
Ib-ft, 

(2) For segment BC, Ms; = -IflOx + 
6000 is linear; at x = 3 ft, M K = 
5700 Ib-ft; at x = 9 ft, Mk = 
510D Ib-ft. 

(3) Mnj = -lQOx + 1200 is again 
linear; at x = 9 ft, M^d = 300 
Ib-ft; atx = 12 ft, M CD = 0. 




Problem 405 


Beam loaded as shown in Fig. P-405. 


80 kN 

| 10 kN/m 


Figure P-405 


a 



UJ 



l > 


l 2m 

8 m *j 

Rr 


Solution 405 


10 kN/m 




Ra = 114 kN 


80 kN 


TMa = 0 

10R r = 2 (SO) + 5[10(10)] 
R c = 66 kN 


ZM c = 0 

10R a = 8(80) + 5 [10 (10) J 
R a = 114 kN 


Segment AB: 

V AB = 114 - 10s kN 
Mas = 114s - 10s(s/2) 

= 114s - 5x 2 kN m 
Segment BC: 

V EC = 114 - SO - 10s 
= 34 - 10s kN 

M B c = 114s - SO (s - 2) - 10s(s/2) 
= 160 + 34s - ox 2 



l m J 

80 kN 

| 3 10 kN/m 

r i 

v ^ ir v \r ■. 

r — — — — — 

[I 

ill 

* 

P X > 


R*= 114 kN 


10 kN/rn 


n 


V V V V V 


Load 


\t- 2m 


8 m 


q A Diagram 


R a = 114 kN 


A 


Rc = 66 kN 



Shear 

Diagram 


Moment 

Diagram 


To draw the Shear Diagram: 

(1) For segment AB r = 114 - 10k 
is linear; at x = 0, Vae = 14 kN; at 
x = 2 m r V„ = 94 kN. 

(2) Vac = 34 - 10x for segment BC is 
linear; at x = 2 m p V EJ= = 14 kN; at 
x = 10 m r Vk = -66 kN. When V K 
= 0 f x = 3.4 m thus V BC = 0 al 1.4 
m from B, 

To draw the Moment Diagram: 

(1) = 114x - Bx 1 is a second 
degree curve for segment AB; at k 
= 0, M m = 0; at x = 2 m, = 
208 kN-m. 

(2) The moment diagram is also a 
second degree curve for segment 
BC given by Mec = 160 - 34k - 
Bx 2 ; at x = 2 m, M EJI = 208 kN-m; 
at k = 10 m, M k = 0. 

(3) Note that the maximum moment 
qcoji-s at point of zeio shear. 
Thus, at x = 3.4 m r M K = 217.S 
kN-m. 





Problem 406 


Beam loaded as shown in Fig. P-406. 

900 lb 400 lb 



60 Ib/ft { 




■ 1 

l > 

B Cj 


4ft 

S ft 

6ft 


R* Rc 

Figure P-406 


Solution 406 

'EM a = 0 

12Rc = 4(900) + 18(400) + 9[(60){18)] 
R c = 1710 lb 


900 lb 


i* 

4 ft 


\ 60 Ib/ft 

i r i f •if \ 

c 

□ 

a 



t* x \ 

R t = 670 ib 


ZMc = 0 

12Ra + 6(400) = 3(900) - 3[60(1S)] 
Ra = 670 lb 

Segment TIB: 

V AE = 670 - 60a lb 
Mab = 670a - 60a (j t/2) 

= 670a - 30a 2 lb ft 

Segment BC: 

V BC = 670 - 900 - 60a 
= -230 - 60a lb 
M bc = 670a- - 900(a - 4) - 60a (a:/ 2) 
= 3600 - 230a - 30a- lb ft 


60 Ib/ft 



= 670 Ib 


A 

R, 


9 t>a -b 


i 


60 Ib/ft 


.i i ! 31 3 L_i L_i LJi LJ lJ L_ 


b 


4 ft — *| 
670 h 


■aft- 


4 


R c = 1710 Ib 


Segment CD: 

Vcd = 670 + 1710 - 900 - 60a 
= 1430 - 60a lb 
Mcd = 670a + 1710 (a - 12) 

- 900 (a - 4) - 60 a (a/ 2) 

= -16920 + 1480a - 39x 2 lbft 



900 lb 


400 lb 


n 


60 Ib/ft 


I ' * * T 


b 


4 r 


S' 


~J D 

^ 6 * 


Load 

1 Diagram 



To draw the Shear Diagram: 

(1) V*b = 670 - 60k for segment AB is 
linear; at x = 0 r Vab= 670 Sbj at x 
= 4 ft r V rt = 436 lb. 

(2) For segment 3C r V K = -230 - 6 Ox 
is also linear; at x= 4 ft r V K = - 
470 lb, at k = 12 ft r V K = -950 lb. 

(3) Vq? = 1480 - 60x for segment CD 
is again linear; at k = 12, V ro = 
760 lb; at x = 18 1^ V ro = 400 lb. 

To draw the Moment Diagram: 

[1) hi** = 670x - 30x : for segment AB 

is a second degree cu<ve; at k = 
0, = 0; at x = 4 ft r M AE = 2200 

lb-ft 

[2) For BC, M Ej= = 3600 - 23 Ox - 30x z r 
is a second degree cuive; at x = 4 
ft J M k = 2200 lb-ft, at x = 12 ft, 
M K = -3480 lb-ft; When M- ac = 0 r 
3600 - 230k - 30k 2 = 0 r x = - 
15.439 ft and 7.772 ft. Take x = 
7.772 ft r thus r the moment is zero 
at 3.772 ft horn B. 

[3) For segment CD, Mcd = -16920 4 
14B0x - 30 k 2 is a second degree 
curve; at x = 12 ft, Mcd = -3480 
lb-ft; at x = 18 ft, M C[ > = 0„ 


Problem 407 

Beam loaded as shown in Fig. P-407. 


Solution 407 


Figure P-407 30 kIN/m 



TMa = 0 
6 Rd = 4[2(30)J 
Rd = 40 kN 


TMd = 0 
6Ra = 2 [2(30)] 
R a = 20 kN 


Segment AB: 

V AE = 20 kN 
JWab = 20.x kN-m 



R. = 2fl kN 





50 kfifm 


50 kh/m 


■+ 1 

n 

n 


L, 

Ra = 90 kN 

k * 



Segment AB\ 

Vab = 90 - 50.v kN 
Mae = 90a - 50a(a / 2) 
= 90a - 25a 2 

Segment SC: 

V BC = 90 - 50(2) 

= -10 kN 




M 


2 

> 


v j j j 


R* = 90 kN 


M B r = 90a - 2 (50) (a - 1) 
= -10a + 100 kN-m 



Segment CD: 

Vay = 90 — 2 ( 50 ) - 20 (a - 4 ) 

= -20a + 70 kN 
M_t, = 90a - 2(50) (a - 1) 

- 20(a - 4)(x - 4)/2 
= 90 a - 10G(x - 1) - 10 {a - 4) 2 
= -10a 2 + 70a - 60 kN-m 



To draw the Shear Diagram: 

(1) Vjh = 90 - 50x is linear; at x = C, 

= 90 kN; at x = 2 m, V BC = -10 kN. 
When Vjh = 0, x = 1.8 m, 

(2) V K = -10 kN afong segment BC, 

(3) V m = -20 k + 70 is linear; at k = 4 
m r V CD = -10 kN; at x = 6 m r V m = - 
50 kN, 

To draw the Moment Diagram: 

[1} M aB = 90x - 25x 3 is second degree; 
at h = 0, Mftfc = 0; at x = 1.8 m, M* a 
= 81 kN-m; at x = 2 m,, M a = 80 
kN-m. 

(2) Mbc = -10x + 100 is linear; at x = 2 
m r M k = 80 kN-m; at x = 4 m, M K = 
60 kN-m. 

[3} M ro = -10x 3 -I- 70x - 60; at x = 4 m r 
Mnj = 60 kN-m; at x = 6 m, M c0 = 0. 




Problem 409 


Cantilever beam loaded as shown in Fig. P-409. 



Figure P-409 


Solution 409 




A 


fVVviMMnf 


B 



Segment AB: 

VaE = -WcX 

Mae = -Wox{x/2) 

= - T WaX 2 


Mr 


u V 1 f v 


it 


I* * -*l 


Segment BC: 

Vbc = -Wo(L/2) 

= — "i" 

Mec = 2)(x - L/ 4) 

= - 4- WcLx + -g- wd- 1 



To draw tlie Shear Diagram: 

(1) Vae = -WoK for segment AB is linear; at x = O, V*h 

= 0; at x = L/2 r V PB = - y w 0 L 

(2) At BCj the shear is uniformly distributed by - 
\ w„L. 

To draw tlie Moment Diagram: 

(1) Mae = - j w Q x 2 is a second degree cm\e; ai x = 

0, = 0; at x = L/2, = - J- w^ 2 . 

(2) Muc = - y w 0 Lx + y v* 0 L- is a second degree: at 
x = L/2 r M k = -y w a L 2 ; at x = L f M K = - 
1 w»L z . 


Problem 410 


Cantilever beam carrying the uniformly varying load shown in Fig. P-410. 


Solution 410 




21 


Shear equation: 



Moment equation: 





3 


To draw the Shear Diagram: 

w 2 

V = x is a second degree curve; 

ZL 

at x = 0, V = Or at x = L, V = -j 

To draw the Moment Diagram: 

W 3 

M = x is a third degree cusve; a 1 : 

6L 

m = 0, M = 0; at x = L r M =-| w*L\ 


Problem 411 


Cantilever beam carrying a distributed load with intensity varying from wo at the free 
end to zero at the wall, as shown in Fig. P-411. 



Solution 411 




To draw the Shear Diagram: 

W. 2 

V = — — k - w k is a concave 
2L 

upward second degree curve; a! x 
= O, V = Q; at x = L, V = - y w„L. 

To draw the Moment diagram: 

H = -—^x 2 + — is in third 
2 6L 

degree; at x = 0, M = 0; at h = L, 
W = -y w 3 L 2 . 


TO„ 


L-x 


UK 


i f =-±(L-x) 


Fi = ±x[w 0 -y) 

1 r 

= -if 




1 

= —X 
2 






2L 


F 2 = xy= 

L 


TO„ 




Shear equation: 

V = -Fi - F y = — ^-x 1 -^-(Lx-x 1 ) 
2 L L 


w. 


o „2 


21 


m^x + 


w 


o 2 


w n 

= — —x - zv„x 
2L 


Moment equation: 
M = - f xFi - y xjFz 


1 

— X 

I'i^l 

1 

X 

^(Lx-x 2 ) 

3 

i2L J 

2 

_ L ' 


_ ^ v 3 3 

— X X + — \ 

3 1 2 2 L 


W o „2 


„3 


X + — —I 
2 61 


Problem 412 

Beam loaded as shown in Fig. P-412. 


Solution 412 


A 



Ra = 800 lb 


Figure P-406 

800 Ib/ft 







T, 

.. 

u 




A 

i i 

t , 

3 



■ 2 ft 

r 4ft n 

2ft 


TMa = o 
6Rc = 5[6(8D0)] 
Rc = 4000 lb 


£M C = 0 
6R a = 1 [6(800)] 
R a = 800 lb 


Segment AB\ 
Vas = S00 lb 
Mab = 300* 


■esob/ft 


4— 2 ft ■+ 


n 

B u , 

1 

LJ 



* i 

R* = 800 lb 


Segment BC: 

V B c = S00 - 800 (* - 2) 

= 2400 - 800* 

M B c = S00* - 800 (.v -2)(x-2)/2 
= 800* - 400 (je - 2) 2 


BOO Ib/ft 


B. 

■ .. y -jr y y ■ 1 

AA 

4 

t Ti -ft- 

Ci 

0 lb 

p 2 Jk r 

= 800 lb 

L 

' 1 Tt * 

Rc = 400 
x 


Segment CD: 

Vcd = S00 + 4000 - S00(* - 2) 

= 4800 - 800* + 1600 
= 6400 - 800* 

Mcd = 800* + 4000 (a- - 6) - 800(* - 2)(je -2)/ 2 
= 800* + 4000 (a - 6) - 400(* - 2) 2 


BOO Ib/ft 


I 

Jf^2ft-» + 




±±5 


4ft 


R* = BOD lb 
800 lb 


ri D~ 


Load 

Diagram 


Rc = 4000 lb 

I 

1600 I hi 






1 

1 

-2400 lb 


2000 Ib-ft 





Shear 

Diagram 


Moment 

Diagram 


To draw the Shear Diagram: 

[1] 300 lb of shear force Is uniformly 
distributed ailong segment AB. 

[2] V K = 2400 - 800x is linear; at x = 2 ft, 
Vbc = 300 lb; at x = 6 ft, Vbc = -2400 
lb. When V K = O r 2400 - 300s = D r 
thus x = 3 ft or V K = 0 at 1 ft from 3. 

[3j V ro = 64O0 - BOOx is a^so linear; at x = 
6 ft Vnj = 1600 lb; at s = 8 ft, V*c = 0. 

To draw the Moment Diagram: 

[1) M,^ = SQQx Is linear; at x = 0, M^. = O; 
atx = 2 ft M ae = 1600 lb- ft. 

[2] Mk = 300k - 400(x - If Is second 
degree cuave; at x = 2 ft, M K = 16O0 
lb It; at x = 6 ft r Mk = -1600 lb-ftj at s 
= 3 ft, M K = 2000 lb ft- 

[3} Mn> = 800X + 4OO0(x - 6) - 400(s - 2) 2 
is also a second degree curve; at x = 6 
ft, Ha = -1600 Ib-ft; at x = B ft, = 
0. 


-1600 lb ft 



Problem 413 

Beam loaded as shown in Fig. P-413. 


Figure P-413 

100 Ib/ft 

m 1 I I I ' I I I I I 1 M = 1200 lb- ft 


+ + + V V 

■ y T >■ > f * j- V i 

V) j 

J 

I B 


_£ 

t D r i 

2 ft 

4ft 

i ft 1 l ft" 


Solution 413 

ZMb = 0 

6R E = 1200 + 1 [6(100)] 
R £ = 300 lb 


100 fc/ft 




f If V y V aL3 

2 

* 


IB 

2ft >[ 


R a = 3C0 lb 

*- X * 


IMe- 0 

6Rf + 1200 = 5 [6 (100)] 
Re = 300 lb 


Segment 21 B\ 

V AE = -100.x lb 
Mab= 100x(:t/2) 
= -50 jc 2 lb-ft 


100 Ib/ft 



Segment BC: 

V E c = -100.x +• 300 lb 
M bc = -lOOxfx/2) + 300(jt - 2) 
= -50x J + 300* - 600 lb ft 


100 Ib/ft 


n 

□ 

l * v J 

u 

□ 

c 

lj 

LL 

j 

□ 

c 




1 i 




4ft 


R„ = 300 lb 
x 


Segment CD: 

Vcd = -100(6) + 300 
= -300 lb 

Mcd = -100(6)(jt - 3) + 300{x - 2) 
= -600* + 1800 + 300* - 600 
= -300.x + 1200 lb ft 


100 Ib/ft 

*' '* f ■ ‘ ¥ > M n M 

LJJ, 

L^UU ID Tt 

if w A > f ^ 

O 1 S 

* j ft bL 

C|DV | 



r * 'i 


Re = 300 lb 


Segment DE: 

V DE = -100(6) + 300 
= -300 lb 

M B e = -100(6)(x - 3) + 1200 + 300 (x - 2) 
= -600* + 1S00 + 1200 + 300* - 600 
= -300* + 2400 


x 



LOT Ib/ft 


t f 


f T- 


M = 1200 lb ft 
E 




$ ft 


Ci dV 
— i r 4t ] 


i 


I Load 
+|* 1' Diagram 



To draw the Shear Diagram: 

{1) ^ae. = -100k is linear; at x = 0, V^. = 
0; at x = 2 ft r Vae = -200 lb. 

(2) V ec = 300 - 10-Om is also linear; at x 
= 2 ft r Vbc = 100 lb; at x = 4 ft, V E c 
= -300 lb. When V K = 0, x = 3 ft, 
or Vec =0 at 1 ft from 3. 

{3) The shear is uniformly distributed at 
-303 lb aSong segments CD and DE. 

To draw the Moment Diagram: 

{1) Mae = -50x 2 is a second degree 
curve; at x= 0, Mae = 0; at a = ft r 
M ae . = -200 lb-ft 

{2) M k = -50x 2 + 300m - 600 is also 
second degree.; at x = 2 ft; Mac = - 
200 lb- ft; at m = 6 ft, M K = -600 
lb-ft; atM = 3 Ft, M K = -150 l-ft 

(3 ) Mcd = - 300x -I- 1200 is linear; atx = 
6 ft r Mm = -630 lb-ft; at m = 7 ft r 
Mcd = -900 lb-ft. 

H) Met = -300x + 2400 is again linear; 
at m = 7 ft, Mot = 300 lb-ft; at m = 3 
ft M de = 0. 


Problem 414 

Cantilever beam carrying the load shown in Fig. P-414. 



Solution 414 



Segment AB: 

Vab = -2x kN 
Mas = -2x(x/2) 
= -x 1 kN-m 


2 kN/m 

I I 1 11 i 

A I ] 

\r * -* 


Segment BC: 

y 2 

x-2 3 


y= i^-2) 


Fi = 2x 


¥ 2 = j(x~ 2 )y 



Problem 415 

Cantilever beam loaded as shown in Fig. P-415. 


Solution 415 


Figure P-415 

20 kN/m 



Segment A3: 

Vae = -20.v kN 
Mab = -20x(x/2) 

= -10jc 2 ]<Nin 


20 kN/m 



20 kN/m 


Segment BC: 

Vec = -20(3) 

= -60 kN 

Mbc = -20 (3){;r - 1.5) 

= -60(jc - 1,5) kN-m 




Segment CD: 

Vcd = -20(3) + 40 
= -20 kN 

Mcu = -20(3) (x - 1.5) + 40 (x - 5) 
= -60 (x - 1.5) + 40 (x - 5) 



To draw the Shear Diagram 

(1) Vje = -20x for segment AB is linear; at 
x = 0, V = 0; at x = 3 m, V = -60 kN. 

(2) V K = -60 kN is uniformly distributed 
along segment BC. 

(3) Shear is uniform along segment CD at 
-20 kN, 


To draw the Moment Diagram 

(1) = -10x : for segment AB is second 
degree cuive; at x = 0 r = 0; at x 
= 3 m, M* a = -90 kN-m, 

(2) M k = -6Q(x — 1.5) for segment BC is 
iinear; at x = 3 m, H K = -90 kN-m; at 
x = 5 m, M k = -210 kN-m, 

(3) = -60(x - 1 . 5 ) + 40(x - 5) for 
segment CD is also linear; at x = 5 m, 
M m = -210 kfl-m, at x = 7 m, Mnj = - 
250 kN-m, 


Problem 416 

Beam carrying uniformly varying load shown in Fig. P-416. 




Solution 416 




M = R l x - F s (±x ) 




To draw the Shear Diagram: 

V = 1/6 Lw a - w^/ZL Is a second degree CLrve; at x = 
0, V = 1/6 Lw d = Ri; at x = U V = -1/3 Lw a = -Rj; If 
a is the locat'on of zero shea-!- f id m eft end, 0 = 1/6 Lw n 
- WcX s /2L r >[ = 0.5774L = a; to check, use the squared 
propeify of parabola: 

a z /Ri = L7[Ri + Rj) 
aV{i/6 Lw„) = L-/U/6 Lw 0 4 1/3 LvvJ 
a z = (1/6 L^o )/(l/2 Lw 0 ) = 1/3 L? 
a = 0,57741. a = 


To draw the Moment Diagram 

M = 1/6 Lw a x - w^x 3 / 6L is a third degree cun/e; at x = 
0, M = 0; at k = L, M = 0; at x = a = D.5774L, M = 

l^fTUX 

M m = 1/6 Lw n [0.5774L) - w o (0 B S774L) 3 /6L 
M™, = 0.09621^,3 — 0,0321 
= 0.0641LV 


Moment Diagram 



Problem 417 


Beam carrying the triangular loading shown in Fig. P- 417. 



Solution 417 


By symmetry: 

Ri = = 4- (4- Lw r ) = 4- La?, 


I _ 

a: Lf 2 

F=±xy 




M = R iX-F(^Jc) 

M = ^LiV'X - ! ^-x 1 |( 4 - jc ) 

M = — je 3 

" L 3L 

To draw the Shear Diagram: 

V = Lwn/4 - Wn^/L is a second! degree c jive; 
at x = 0 F V = Lwj4; al x = L/2, V = 0. The 
other half of the diagram can be drawn by the 
concept of symmetry. 

To draw the Moment Diagram 

M = Lw 0 x/4 - WoJcVSL is a third degree cjive; 
at x = 0 r M = 0; at x = 1/2 f M = The 

other half of the diagram can fee drawn by the 
concept of symmetry. 



Problem 418 


Cantilever beam loaded as shown in Fig. P-418. 



Figure P-418 


Solution 418 



Segment AB\ 

Vab = -20 kN 

Mab = -20.v kK'-m A 

Segment B C 

= -20 kN 

Mab = -2GLr + SO kN-m 


| 20 kN 
I 

I— 



1 20 kN 

A 1 = 

U 4 m 


M = SG kN-m 



Iff 2 m 


■ 


Diagram 



Shear 

Diagram 


Moment 

Diagram 


-30 kN-m 


To draw the Shear Diagram: 

and are equal and constant 
at -20 kN. 


To draw the Moment Diagram: 


(1) 

M ae = -20s is linear; 

when x = 0 r 


Mae — 0; 

when x = 

4 m r Mae- = - 


80 kN-m. 



12] 

Mac = -20s 4 50 is also linear; 


when s = 

= 4 m, M Ej= = 

= Q; when s = 


6 m f Mac 

= -60 kN-m 



Problem 419 

Beam loaded as shown in Fig. P-419. 



Figure P-419 



Solution 419 



[ TMc = 0 ] 9^ = 5(810) 

Hi = 450 lb 


[ TMa = 0 j 9R 2 = 4(810) 
R 2 = 360 lb 



Segment AB : 
l 270 
x 6 
y = 4 dx 

F = -4- xj/ = 4-x(4:5x) 
F = 22.5x- 

V ab = R 1 -F 

= 450 - 22.5*- lb 



Mab = Rix-F(±x ) 

= 450.1 - 22.5x 2 ( ) 

= 450.1 - 7.5jt 3 lb ft 

Segment BC: 

Vac = 450 - 810 
= -360 lb 

Msc = 450a: - 810(x - 4) 

= 450* - 810a; + 3240 
= 3240 - 360a: lb-lt 






To draw the Shear Diagram: 

(15 V AB = 450 -22.5x J is a second degree 
cj)vej at k = 0, Vm = 450 ib; at si = 6 
ft, V„ = -350 lb, 

P) At x = a r V M = 0 r 

450-22.5**= 0 
22.5k 3 = 450 
x*= 2D 
x = V20 

To check, use tde squared property of 
paranoia. 

a*/450 = 6 3 /[450 4 350) 
a* = 20 
a = m20 

(3) V K = -36D Ib is constant 

To draw the Moment Diagram: 

(1) l4*o = 450x — 7.5x 3 for segrrent AB is 
fhisd deg ee curve; at x = 0, Mm, = 0; 
at x = M20, Mu, = 1341.64 Ib ft: at x = 
6 ft, M m = 1080 to ft. 

(2) IV = 3240 - 36Dx for sapient BC is 
linear; at x = 5 ft, M BC = 1080 Ib-ft; at 
* = 9 ft, Mk = 0. 


Problem 420 

A total distributed load of 30 kips supported by a uniformly distributed reaction 
shown in Fig. P-420. 


W = 30 kips 


r 
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■. y 
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k. A 
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Figure P-420 



Solution 420 


W = 30 kips 


r Ib/ft 


w ib/ft 




- 


1 


v 4 

F 

_ 


1 j 


I 

[I 

in 

H 

r 

n 

n 


H 

IE 



n 

D 

♦- 4 ft H 




12ft 




"1 

4 ft 

4 


w = 30(1000)/ 12 
w = 2500 lb/ ft 


EJV=0 
R = PV 

20?' = 30(1000) 
r = 1500 Ib/ft 


2500 Ib/ft 






i, A 4.^ 

r = 150G Ib/ft 
1 1 1 ! ! ! 

0 

*- 4ft -* 
* 

K * 


First segment (from 0 to 4 ft from left): x 


= 750a 2 r = 1500 Ib/ft 

Second segment (from 4 ft to mid-span): 

V ; = 1500a- - 2500(a - 4) 

= 10000 - 1000a 

Mi = 1500a (a/ 2) - 2500(.r - 4)(x - 4)/2 
= 750 a 2 - 1250 (a - 4) 2 


Vi = 1500 a 
M l = 15O0a(a/2) 


1 j 

L 

j 




25 Ib/ft 




T * 

_t 

T y yTfrv 

* V 





G 

in 



. .f . .f . j . 

1500 b/ft 
1 1 ! 1_ 

in 


G 

n 

n 


4 ft ►k 


12 ft 


4ft J 



To draw the Shear Diagram: 

(1) For the first segment, Vi = 1500x is 
linear? at x = Q r Vi = 0; at x = 4 ft, V* = 
60(30 lb. 

(2) For the second segment; V 3 = 10000 - 
1000k is also hear; at k =4 1+, V L = 
6000 lb; at mid-cpan r x = 10 ft, V t = 0. 

(3) Fee the newt half of the beam,, the shea* 
diagram can be accomplished by the 
concept of symmetry. 

To draw the Moment Diagram: 

(1) For the first segment, Mj = 750 k 1 is a 
second degree cjive r an open upwaid 
pasaboia: at x = 0, Mj = 0? at k = 4 ft, 
Mi = 12000 Sb ft. 

(2) For the second segment; M 2 = 750 k 2 - 
1250(k - 4} 2 is a second degiee cuive r 
an downward pa ab&a; at x = 4 ft, Mi = 
12000 Ib-ft; at mid-span r x = 10 ft r M 2 = 
30000 lb-ft. 

{2] The next half of ttie diagram, from x = 
10 ft to x = 20 ft r can be drawn by using 
the concept of symmeny. 


Moment Diagram 




Problem 421 


Write the shear and moment equations as functions of the angle 0 for the built-in arch 
shown in Fig. P-421. 



Solution 421 




v- + 



For 0 that is less than 90° 

Components of Q and P: 

Qx = Q sin 0 
Q$ = Q cos 9 

P* = P sin (90° - 0) 

= P (sin 9Q = cos 6 - 
= P cos 6 

P v = P cos (90° - 0) 

= P + sin 90° sin 0) 

= P sin 0 


Shear: 


V=TF y - 

V = Q,-P ? 

V — Q cos 9 - P sin 0 


Moment arms: 

= R sin 0 
d? = R - R cos 0 
= P (1 - cos 0) 

Moment: 

iVl = LM„ u • I Jti rdocklU 1 ** ~ 

M=Q(d Q )-P(d F ) 

M = QK sin 0 - PK(I - cos 0) 



For 0 that is greater than 90 p 
Components of Q and P: 

Q X = Q sin {ISO* - 9) 

= Q (sin 180 13 cos 0 - cos 180° sin 6) 



= Q cos 0 

Qif = Q cos (180° - 6) 

= Q (cos 180° cos 0 + sin 1S0 Q sin 9) 
= -Q sin 0 

P X = P sin (0 - 9D G ) 

= P (sin 0 cos 90° - cos 0 sin 90°) 

= -P cos 0 
Py = P cos (0 - 90 D ) 


= P (cos 0 cos 90° + sin 0 sin 90 G } 


= P sin 0 


Shear: 

V = EF y 

v=-q;-p„ 

V = -(-Q sin 0) - P sin 0 

V = Q sin 0 - P sm 0 

Moment amis: 

dQ = R sin (1S0 G - 9) 

= P (sin IS0 G cos 0 - cos 180° sin 0) 
= R sin 0 


dp = R + R cos (1S0 D - 0) 

= R + R (cos 18G D cos 0 + sin 1S0 D sin 0) 
= R - R cos 0 
= P(1 - cos 0) 


Moment: 


M = EM™ 


ojariiordbcibyisr ' 


M = Q{d Q ) - P(d F ) 

±W = QR sin 0 - PK(1 - cos 0) 



Problem 422 


Write the shear and moment equations for the semicircular arch as shown in Fig. P-422 
if (a) the load P is vertical as shown, and (b) the load is applied horizontally to the left 
at the top of the arch. 



Solution 422 






XM c = 0 
2i?(JU) = PP 

Ra= IP 

For & that is less than 9Q a 
Shear: 

Vab = Ra cos (90° -0) 

Vae = y P (cos 90* cos 6 + sin 90 D sin 8) 

Vab = 2 ? sin ® 

Moment arm: 

4 = P - P cos 6 
d = R( 1 - cos 0) 

Moment: 

Mas = R* (d) 

Mae = |PR( 1 - cos 0} 



c on* 


For 9 that is greater than 90' 





Components of P and R_-l: 

R, = Psin (0 - 90°) 

= P {sin 0 cos 90 a - cos 0 sin 90 D ) 

= -P cos 0 
P y = P cos {6 - 90°) 

= P {cos 0 cos 90° + sin 0 sin 90°) 

= P sin 0 

Ra, = Ra sin (0-90°) 

= P (sin 0 cos 90° - cos 0 sin 90°) 

= - 4 P cos 0 
R Ay = R* cos (0 - 90*) 

= P {cos 0 cos 90 D + sin 0 sin 90°) 

= 4P sin 0 


Shear: 

V BC =TFy 

Vac = ^Ay" Py 

Vac = -T - P sin 9 - P sin 0 

Vac = -yP sin 9 


Moment ami: 
d = R cos (1S0 Q - 0) 
d = R (cos 1S0° cos G + sin 180° sin 6} 
d = -R cos G 

Moment: 

Vise — suntoTlocVaHM — 

Mac = Ra(R + d) - Pd 

Mac = 4- P(R ~ P cos 0) - P(-R cos 9) 

Mac = y PR - y PR cos G + PR cos 0 
Mac= -4PR + i PR cos 9 
Mac = y PR(1 + cos 0} 



Relationship between Load , Shear , and Moment 

The vertical shear at C in the figure shown in previous section is taken as 


V c = (£F b ) l = Ri - wx 


where Ri = R 2 = wL/2 


T 7 L ~ 

V c = wx 

1 

M c = {SM c )=yi - 

, , wLx ufx 2 
M c = 

If we differentiate M with respect to 


2 2 
x: 


dM _ wL dx w ^ dx 

dx 2 dx 2 dx 

dM. wL 

= wx = sheai 

dx 2 

thus, 


d_M 

dx 


= V 


Thus, the rate of change of the bending moment with respect to x is equal to the 
shearing force, or the slope of the moment diagram at the given point is the 
shear at that point. 


Differentiate V with respect to x gives 


= 0 — w = load 

dx 


dV 

dx 


= Load 


Thus, the rate of change of the shearing force with respect to x is equal to the load or 

the slope of the shear diagram at a given point equals the load at that point. 


PROPERTIES OF SHEAR AND MOMENT DIAGRAMS 

The following are some important properties of shear and moment diagrams: 

1. The area of the shear diagram to the left or to the right of the section is equal to 
the moment at that section. 

2. The slope of the moment diagram at a given point is the shear at that point. 

3. The slope of the shear diagram at a given point equals the load at that point. 



4. 


5. 

6 . 


The maximum moment occurs at the point of zero shears. 

This is in reference to property number 2, that when the 
shear (also the slope of the moment diagram) is zero, the 
tangent drawn to the moment diagram is horizontal. 

When the shear diagram is increasing, the moment diagram is concave upward. 
When the shear diagram is decreasing, the moment diagram is concave 
downward. 


SIGN CONVENTIONS 

The customary sign conventions for shearing force and bending moment are 
represented by the figures below. A force that tends to bend the beam downward is said 
to produce a positive bending moment. A force that tends to shear the left portion of 
the beam upward with respect to the right portion is said to produce a positive shearing 
force. 



Positive Bending Negative ilefidmg 


Positive Shear Negative Shear 

An easier way of determining the sign of the bending moment at any section is that 
upward forces always cause positive bending moments regardless of whether they act 
to the left or to the right of the exploratory section. 


Solved Problems in Relationship between Load, Shear, and Moment 

INSTRUCTION 

Without writing shear and moment equations, draw the shear and moment diagrams for 
the beams specified in the following problems. Give numerical values at all change of 
loading positions and at all points of zero shear. (Note to instructor: Problems 403 to 
420 may also be assigned for solution by semi graphical method describes in this 
article.) 



Problem 425 


Beam loaded as shown in Fig. P-425. 



60 kN 

30 kN | 

1 ] 

i , 

[ 2m 

* 4 m 


\ L nO 


Ri Fb 

Figure P-425 


Solution 425 


B 1 

60 kN 

30 kN | 

1 1 

1L A 



2 m 

4 m 

1 1 ni 



ZA'L = 0 

6 R 2 = 2(60) + 7(30) 
R 2 = 55 kN 

IMc = 0 

6Ri + 1(30) = 4(60) 
Ri = 35 kN 


To draw the Shear Diagram: 

(1) V* = Ri = 35 kN 

(2) V/ B = V* + Area in load diagram — 60 kN 
V„ =35 + 0-60 =-25 kN 

(3) V c = V B + aiea in bad diagram + R 3 
V c = -25 + 0 + 55 = 30 kN 

(4) V D = * Area in load diagram - 30 kN 

V D =30 + 0 - 30 = 0 


To draw the Moment Diagram: 

<1} M* = 0 

(2} M b = M* + Area in sheaf diagram 
Ma = 0 + 35(2) = 70 kN m 

(3) M; = + Area in shear diagram 

M: = 70 — 25(4) = -30 kN m 

(4) M d = M- + Area in shear diagram 
M c = -30 + 30(1) = 0 



Problem 426 


Cantilever beam acted upon by a uniformly distributed load and a couple as shown in 
Fig. P-426. 


5 kN/m 




^ 



f v 1 



fU 

M = 60 kN m 

t /►- 

MM 

1 *-■ 1 

S557 




2 m 

Z m lm " 

ZSmm 


Figure P-426 


Solution 426 


5 kN/m 









M = 60 kNm 

,B j+-C C 

c 

1 + 1 

r 



> 


Z m 

Z rn 

1 m > 





To draw the Shear Diagram 

(1) V* = 0 

[2) V B = V* + Area in load diagram 
' V* = 0-5(2) 

Vb = -10 kN 

[3) Vc = Vb + Area in load d'agram 
V<-=-10 +0 

V c = -10 kN 

(4) Vd = 'v'c + Aiea in load diagram 
V D = -10 + 0 

V D = -10 kN 

To draw the Mmient Diagram 

(1) Mi = 0 

(2) M B = M* + Area in shear diagram 
Me = 0- 1 A(2)(10) 

Mb = -10 kNm 

(3) M c = M n + Aiea in shear diagram 
M c = -10 - 10(2) 

M c = -30 kNm 

Mo = -30 4 M = -30 + 60 = 30 kN m 

(4) M d = Mo 4 Area in shear diagram 
M d = 30 - 10(1) 

M„ = 20 kN m 



Problem 427 


Beam loaded as shown in Fig. P-427. 





Figure P-427 


Solution 427 



Moment Diagram 


ZMc = 0 

12H, = 100 (12) (6) + 800(3) 
Hi = S00 lb 

TMa = o 

12& = 100 (12) (6) + 800(9) 
Ha = 1200 lb 


To draw the Shear Diagram 

(1) V* = R t = 300 IS 
{2) Vb = V* +• Area is load diagram 
V B = BD0 - 100(9} 

Vb = -100 IS 

V H =-100-800 =-900 lb 

(3) V c = '/bi + A ; iaa in load diagram 
V c = -900 - 100(3) 

V c = -1200 lb 

(4) Solving for x: 

x / 800 = (9 -x)/ 100 
103x = 7200 - 80Qx 
x = Eft 

To draw the Moment Diagram 

(1) M* = 0 

(2) M* = M* +■ Area in shear diagram 
My = 0 + ’A [S)(fl00) = 3202 lb ft 

(3) M u = M* f Area in shear diagram 

M b = 3200 - Vz (1)(100) =3150 Ib-ft 

(4) Me = M a + Area in shear diagram 

Me = 3150 — Vz [900 +- 1200) (3) = 0 

(5) The moment cuive BC is downward 
parabola with vertex at A". A' is the 
location of zero shear for segment BC. 



Problem 428 


Beam loaded as shown in Fig. P-428. 


10 krtfm 


25 kN m 
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Figure P-428 


Solution 428 



-20 kNm 


Moment Diagram 


oRj = 50(0.5) + 25 
Ri = 10 kX 


I 'Ma = o 

0R2 + 25 = 50(4.5) 

& = 40 kX 

To draw the Shear Diagram 

(1) V* = R t = 10 kN 

(2) V B = V* 4 Area in oad diagram 
V B = 10 + 0 = 10 kN 

(3) V c = V B 4 Area in oad diagram 
V c = 10 4 0 = 10 kN 

(4) Vd = Vc 4 Area in load diagsam 
V D = 10 - 10(3) = -20 kN 

V D? = -20 4 R 3 = 20kN 

(5) V E = Ve + Area in load diagram 
V E = 20 - 10[2) = 0 

(6) Solving for x: 

x / 10 = [3 - x) / 20 
2Vx = 30 - lOx 
x = 1 m 


To draw the Moment Diagram 

(1) M* =0 

(2) Mb = NU 4 Area in shear diagram 
M b = 0 4 1(10) = 10 kNm 

M o; = 10 - 25 = -IS kNm 

(3) Me = Mb 3 + Area in shea; dagrarr 
Me = -15 4 1(10) = -5 kN m 

(4) Mr = Me 4 Area in shear diagram 
M„ = -5 4 Vi(l)(10) =0 

(5) M d = M, 4 Area ; n shear diagiam 
M D = 0 - Vi (2)[20) = -20 kN m 

(6) M e = M„ 4 Area in shear diagram 
Me = -20 4 Yi (2>(20) = 0 



Problem 429 


Beam loaded as shown in Fig. P-429. 



Solution 429 


100 lb 


120 ib/ft 1 

f 120 Ib/ft 

Mr-ir YV 

ft 

■ 1 FI n rT"l 


1 1 

i A 

U — 2ft - 

B 

L 2 ft -^L 2ll 




XAf c =0 

4Ri + 120(2) (1) = 100(2) + 120(2) (3) 
Ri = 170 lb 

TM a = 0 

= 120(2) (1) + 100(2) + 120(2) (5) 
Ri = 410 lb 

To draw the Shear Diagram 

(1) V* = Ri = 170 lb 

(2) Vb = V* ■+ A<iea in load diagram 
V B = 170-120(2) = -70 lb 
V„2 = -70 - 100 = -170 lb 

(3) Vc = Vhj - Area ir load diagram 
V c = -170 + 0 = -170 lb 

V C2 = -170 -I- ^ 

V„ = -170 I- 410 = 240 lb 

(4) Vd = Vc 2 + Area in Hoad diagram 
Vo = 240- 120(2)= 0 

(5) Salving far x: 

x/170 = (2 — k) / 70 
70k = 340- 17Gk 
x = 17 / 12 ft = 1,42 ft 

To draw the Moment Diagram 

(1) Mu = 0 

(2) M, = Mu + Area in shear diagram 
M, = 0 + Vi (17/12X170) 

Ml = 1445/12 = 120.42 lb-ft 

(3) Mb = Ms 4 Area in shear diagram 
Mb = 1445/12 - Vi [2 - 17/12)(70) 

M b = 100 lb ft 

(4) M- = M e + .Area in snear diagram 
M[ = 100 - 170(2) = -240 lb-ft 

(5) Md = Me 4- Aiea in shear diagram 
M c . = -240 + Vz (2){240) = 0 



Problem 430 


Beam loaded as shown in P-430. 

1000 lb 2000 lb 



Figure P-430 


Solution 430 


1000 lb 
f 400 Ib/ft 


AL 


B 


2003 lb 



200 Ib/ft 


±i_t± 




10 ft - 


Ri = 5000 lb 


I 

D 1 

10 ft J 


10 f 
R, = 2030 b 



Moment Diagram 


ZMe = 0 

20R X = 1000(25) + 400 (5) (22.5) 

+ 2000(10) + 200 (10) (5) 
Ri = 5000 lb 

ZMb = 0 

20 Rz + 1000(5) + 400(5) (2. 5) 

= 2000 ( 10 ) + 200 ( 10 ) ( 15 ) 
R 2 = 2000 lb 


To draw the Shear Diagram 

(1) Vj, = -1003 lb 

(2) Ve = V* + Aiea in load diagram 
V„ = -1000 - 400(5) = -3000 lb 
V Bi = -3000 + Rj = 2000 lb 

(3) Vc = V B i + Area sn load diag.-am 
V c = 2000 + 0 = 2000 lb 

V u = 2000-2000 = 0 

(4) V D = V a +■ Area in load diagram 
V D = 0 + 200(10) = 2000 lb 

To draw the Moment Diagram 

(1) M* = 0 

(2) Mb = M* + Area 'n shear diagram 
M B = 0 - Vi (1000 + 3000X5} 

M a = -10300 b-ft 

(3) M c = M B + Area in shear diagram 

Me = -10300 +■ 2000(10) = 10000 lb-ft 

(4) M d = Me +■ Area in shear diagram 
M d = 10000 - Vi (10X2000) = 0 

(5) For segment BC, the location of zero 
moment can be accomplished by 
symmetiy and that is 5 ft from B. 

(6) The moment cusve AB is a downward 
pa-abola with Yeizex at A r . A 1 is the 
location of zero shear for segment AB at 
pc-'nt c-jtside the beam. 



Problem 431 


Beam loaded as shown in Fig. P-431. 



Solution 431 


50 kN 

* 4 m 


2 m 

B 1 

h 


2 

m 

Ofcf 

L1J 

rr 

Vm 

P T 1 


L3 

TOT 

in m 



[I] 

p V 1 ^ 




40 kN 


10 kN/m f 

m 


1 A i Cl 

5n 2 m 4k 

R t = 70 kM Rj = 2Q0 lb 

; ; Load Diagram 


3 m >| 



Moment Diagram 


{7} Solving for point of zero moment: 
a / ID = [a + 4) / 130 
130a = 10a + 40 
a = 1/3 m 

y/[x + a) = L3Q/(4 + a) 

V = 130[x +■ 1/3) / (4 + 1/3) 
y = 30* +■ 10 


zm d -o 

7Ri + 40(3) = 5(30) + 10(10){2) 

+ 20(4) (2) 

J?i = 70 kN 

IMa = 0 

7R 2 = 50(2) + 10(lO)(5) + 20(4) (5) 
+ 40(10) 

R 2 = 200 lb 


To draw the Shear Diagram 


V A = Rj = 70 ScN 
V B = Va - Area in load diagram 
V B = 70 - 10(2) = 50 kN 
V E = 50 - 50 = G 
V c = V&: -I- Area in ‘toad diagram 
V c = 0-10(1) =-10 kN 
V D = V c + Area in 5oad diagram 
V D = -10 - 30(4) = -130 kN 
Vna = -150 4 Rj 
V D2 = -130 + Z00 = 70 kN 
V E = V D2 + Area in load diagram 
Vc = 70 - 10(3) = 40 kM 
Vej = 40 - 40 = 0 


To draw the Moment Diagram 


Ma= 0 

M B = M* -I- Area in shear diagram 
M b = 0 4 Vi [70 4 50X2) = 120 kN-m 
Me = M 0 4 Area in shear diagram 
Me = 120 - Va (1X1D) = 115 kN-m 
M n = M c 4 Anea in shear diagram 
M d = 115 — -Kt [10 + 130X4) 

M d = -165 kN-m 

M e = M c . + Area in shear diagram 
Me = -165 + Ve [70 -t- 40X3) = 0 
Moment cuives AB, CD and DE are 
downward parabolas wish vertices at 
A' r B 1 and C f respectively. A' r B r 
and C r ase corresponding zeo shear 
points of segments A3, CD and DE. 


Me = 11S kN-m 

Mzud = Me 4 Area in shear 

0= 115 — Vi {10 +y)x 

(10 4 y)sc = 230 

[10 4 2-0x 4 10 )m = 230 

30w* 4 20x — 230 = 0 

3x 2 4 2x — 23 = 0 

k = 2.46 m 

ze ; o moment is at 2.46 m from C 


Another way to srfve the 
locaiion of zero monrent 
is by the squared 
pnopeity of parabola (see 
Problem 434). This point 
is the appropriate location 
for construction joint of 
concrete structures. 



Problem 432 


Beam loaded as shown in Fig. P-432. 



Solution 432 


60 kN 


40 kIM/m 


M = 120 kNm 


a 

1 

B j 

i C 

, ] 

£ 

* 

L rn 

3 m 

i m ' 

1 m | 


Rt = 132 kN 


Rj =43ScN 



ZM £ = 0 

5Ri + 120 = 6(60) + 40(3) (3, 5) 
Ri = 132 kX 


xm b = q 

5R 2 + 60(1) = 40(3) (1.5) + 120 
R.2 = 48 kN 


To draw the Shear Diagram 

(1) V* = -60!<N 

(2) V B = V* +■ Area in oad diagram 
V E = -GO + 0 = -60 kN 

= V B + Rl = -60 + 132 = 72 kN 

(3) V c = V B j + Area in load diagram 
V c = 72 - 3(40) = -48 kN 

(4) V D = V c + Area in load diagram 
Vd = -48 + 0 = —48 kN 

(5) Ve = Vc, + Area ir load diagram 
V E = -48 + 0 = -43 kN 

V E2 = V E + R 3 = -48 48 = 0 

(6) Solving for x: 

x/72=(3-x)/4fl 
4Sx = 216 - 72x 
x = 1.8 m 

To draw the Moment Diagram 

(1) M, = 0 

(2) Mb = M* + A.rea n shear diagram 
Mb =0 - 60(1) = -60 kN m 

(3) Mi = Mu +■ Area in shear diagram 

M, = -60 + (1.8X72) = 4,0 kN m 

(4) M c = Mi + Area in shear diagram 

Me = 4,0 - 'A (3 - 1,0){48) = -24 kN m 

(5) Md = M c + Area in shear diagram 

Mo = -24 - Vi (24 +■ 72)(1) = -72 kN m 
M dj = -72 + 120 = 48 kN m 

(6) M e = M nl + Area in shear diagram 
M e = 43 - 43(1) = 0 

(7) The location of zero moment on 
segment BC can oe detsi’n'ned using 
the squared propeity of parabola, See 
the solution of Problem 434. 





Problem 434 


Beam loaded as shown in Fig. P-434. 



Figure P-434 


Solution 434 



Load Diagram 



Shear Diagram ! 



Moment Diagram 


zm £ = o 

6 R .1 + 120 = 20 (4) (6) + 60(4) 

Rl = 100 kX 

IMb = 0 

6J?2 = 20(4) (0) + 60(2) + 120 
R 2 = 40 kN 

To draw the Shear Diagram 

(1) V A = Q 

(2) V H = V* 4 Area in load diagam 
V B = 0 - 20(2) = ^H)kN ' 

Vjn = -i- Ri = -40 + 100 = 60 kN 

(3) V c = V E + Area in load diagram 
V c = 60 - 20{2) = 20 kN 

Vca = Vc-60 = 20-60 = -40 kN 

(4) Vq = V n + Area in toad diagram 
V D = ^0 + 0 = ^iQ kN 

(5) Ve = Vd + Area In toad diagram 
V € = -40 + 0 = -40 kN 

Vn = V E + R 2 = -^0 + 40 = 0 

To draw the Moment Diagram 

(1) Ma = 0 

(2) M b = M a + Area in shear diagram 
M„ = 0 — 16 (40X2) = -40 kNm 

(3) Mr = M e . - Area in shea - diagram 

m] = -40 + v 3 {60 +■ 20)[2) = 40 kNm 
{4) Me = Nk + Area in shear diagram 
Mo = 40 - 40(2) = -40 kNm 
M k = + M = -W + 120 = 80 kN m 

(5) M e = Mqj - Area in shear diagram 
M E = SO - 4D{2) = 0 

{6) Moment curve BC is a downward parabola 
vwtfi vertex at C r . C is the : ocabon of zero 
shear for segment BC. 

{7) Location of zeio moment at segment BC: 

By squared property of parabola: 

{3 - x) 1 f SO = 3 2 / [50 4 40) 

3 - x = 2.236 
x = 0.764 in from B 



Problem 435 


Beam loaded and supported as shown in Fig. P-435. 



Solution 435 



IMb- 0 

2uv;o) = 10(41(0) + 20(2) - 40(3) 

V) a = 16 kN / m 

at EF — 0 

5Ri = 10(4)(5) - 20(3) + 40(2) 

Ri = 68 kN 

To draw the Shear Diagram 

(1) M» = 3 

(2} M B = M* + Area in load diagram 
Mi = C - 10(2) = -20 kN 
Mai + Mb + Ri =-20 +• 68 = 48 kN 

(3) M c = Ntj + Area in load dragram 
Me = 46 - 10(2) = 28 kN 

M ci = Me- 20 =28 - 20 = S kN 

(4) Mo = Mc 2 +■ Area in oad diagram 
M D = 3 + 0 = 3 kN 

M DI = Mo- 40 = 8 - 40 = -32 kN 

(5) Me = Mdj + Area in load diagram 
Me = —32 + 0 = —32 kN 

(6) M f = M e +• Area in load diagram 
M f = -32 + w 0 (2) 

M f = -32 + 16(2) = 0 

To draw the Moment Diagram 

(1) Mu = 0 

(2) Ma = M» + Area 'n shear diagram 
M b = 0 - Vi (20)(2) = -20 kNm 

(3) M c = Nt + A ea in shear digram 
Me = -20 + Vi (43 + 28X2) 

Me = 58 kN m 

(4) Md = Me + Area in shear diagram 
M d = 56 + 3(1} = 64 kN m 

(5) M e = M d +■ Area in shear diagram 
M e = 64 — 32(1) = 32 kNm 

{6} M f = Me + Area in shear diagram 
M f = 32 - Vi (32X2) = 0 
{7} The locat'd and magnitude of moment 
□t C r a*ie determined from shear 
diagram, By squared propeity of 
pa^bosa, k = 0.44 m from B. 



Problem 436 


A distributed load is supported by two distributedreactions as shown in Fig. P-436. 


440 lb /ft 


4ft 









v 2ft 

1 ■ J 


H 



8ft 

r 

35y 

cJ * 


Ri = W] Ib/ft R 2 = w 2 Ib/ft 

Figure P-436 


Solution 436 


440 Ib/ft 


4ft 


AC 


Y v v v v v v v v v + A 


8ft 


Ri = 400 Ib/ft 


2ft 


Ra = 960 Ib/ft 



X - Vlr-idpoiTi: at CD 0 

4a?i (ID = 440(3) (5) 
uh = 400 lb/ft 


mj dpaixit at AB 0 

2w 2 (11) = 440(3) (6) 
w 2 = 960 lb/ft 


To draw the Shear Diagram 

U) V* = o 

(2) V B = V* - Area ir load diagram 
V B = 0 + 400(4) = 1600 lb 

(3) Vc = Vb. - Area ir load d'agrarr 
V c = 1600 - 440[8) = -1920 lb 

(4) Vd = Vc F Area in bad diagram 
V n = -1920 4 960(2) = 0 

(5) Locator of zeo shear: 

x / 1600 = (3 — x) / 1920 
x = 40/11 ft = 3.636 ft from B 

To draw the Moment Diagram 

(1) M* = 0 

(2) Mb = M* F Area in shear diagram 
Mb = 0 F 'A (1600)[4) = 32D0 Ib-ft 

(3) M* = M b - Area in shear diagram 
M, = 3200 F Vi(160D)(40/ll) 

M* = 6109.1 Ib-ft 

(4) M c = M, - Area in shear diagram 
Me = 6109.1 - Vi (8 - 40/1 1){ 1920) 
M c = 1920 Ib-ft 

(5) M n = M c F A-ea in shear diagram 
M n = 1920- 1 A{1920)[2)= 0 



Problem 437 

Cantilever beam loaded as shown in Fig. P-437 


1000 lb 400 Ib/ft 


r 

i- ifjri 


!_L 


f 

El 

2 ft 'I* 2 ft 

4 ft 

- Bte 
1 


500 lb 

Figure P-437 


Solution 437 


1000 b 400 Ib/ft 



To draw the Shear Diagram 

{1} V* = -100C lb 

Vb = V* 4 Area in toad diagram 
V B = -1000 + O = -1000 lb 
Vb! = V B 4 500 = -1000 + 500 
Vie = -500 lb 

(2) Vc = Vbi 4 Area in load diagram 
V c = -500 4 0 = -500 lb 

(3) V D = V c 4 Area in load diagram 
V D = -5G0 - 400(4) = -2100 lb 


To draw the Moment Diagram 

(1> M* = 0 

(2) Mb = M* 4 Area in shear diag*am 
Mb = 0 - 1000(2) = -200G lb ft 

(3) M c = Mfe 4 A-ea in shear diagram 
M c = -20CO - 500(2) = —3000 Ib-ft 

(4) M d = M c - Area in shear diagram 
M d = -3000 - V 2 (500 + 2100>(4} 
M d = -8200 lb-ft 


-S200 lb-ft 



Problem 438 


The beam loaded as shown in Fig. P-438 consists of two segments joined by a 
frictionless hinge at which the bending moment is zero. 



Solution 438 



200' Ib/ft 


B t 


H 

2 ft 

4i 


Ri 



YMh = o 




4 R x = 2DO(6)(3) 
R x = 900 lb 


To draw the Shear Diagram 

(ij v* = o 

(2) V B = V* + Area in load diagram 
V B = 0 - 200(2) = -400 lb 

V B1 = V B + Ri = -400 4 900 = 500 lb 

(3) Vh = ''hi 4 Area in toad diagram 
V H = 500-200(4) = -300 lb 

(4) V c = V„ -s- Area ir load d : agram 
Vq = -300 - 220(2) = -702 lb 

(5) Location of zero s^iear : 

x / 500 = (4 - x) / 300 
300x = 2000 - 50Qx 
x = 2,5 ft 

To draw the Moment Diagram 

(1) M* = 0 

(2) M B = + Area in shear dag ram 

M b = 0 - V2 (400H2) = -^400 Ib-ft 

(3) M, = M B 4 feea 'n load diagram 
M, = -^00 + Its (520X2.5) 

M, = 225 Ib-ft 

(4) M H = M, + Area in load d'agram 

M„ = 225 - V: (300>(4 - 2.5) = 0 ok! 

(5) M- = M h 4 Area in foad diagram 
M-i = 0 - Vi (300 4 72-2)(2) 

M- = -1020 Ib-ft 

(6) The location of zeio moment in segment 
BH can easiy be found by symmetry. 





Problem 439 


A beam supported on three reactions as shown in Fig. P-439 consists of two segments 
joined by frictionless hinge at which the bending moment is zero. 


3000 lb 400 ib/ft 



f Hsnge 

n 


n 

nn 

Pa i 

i > 


L i i 

r 4ft ' 

4 4ft * 

nit r 


10 ft 

i 


Ri Rj R3 

Figure P-439 


Solution 439 



400G lb 

Hirge 
H 

Vh 


i B J. 

k 

4ft 1 

' 4ft > 


Ri 


TMh= 0 
8 R, = 4000 ( 4 ) 
R 1 = 2000 lb 


sm a = 0 

8 V h = 4000 ( 4 ) 
Va = 2000 lb 


V M = 2000 lb -WO Ib/ft 


J 

Hinge , 

in 

n 

nr 

n 

i 

IQ 

H 

L 51 

D 


r 4ft 

10 ft 


R 3 R 3 


ZMd = 0 

lORa = 2000 ( 14 ) + 400 ( 10 ) ( 5 ) 
R z = 4300 lb 


ZM h = 0 

141 ^ + 4 ( 4300 ) = 400 ( 10 ) ( 9 ) 
R 3 = 1200 lb 


To draw the Shear Diagram 

(1) V* = 0 

(2) Va = 2000 lb 

Vbj = 2000 - 40D0 = -2000 lb 

(3) V„ = -2000 lb 

(3) V £ = -2000 lb 

V c = -2000 +■ 4800 = 2800 lb 

(4) V & = 2500 - 400(10) = -1200 lb 


(5) Location of zesu shear: 
x / 2800 = (10 - x) / 1200 
120Qx = 28000 - 2800 k 
x = 7 ft 

To draw the Moment Diagram 

(1) M* = 0 

(2) M b = 2000(4) = 8000 b ft 


(3) M„ = 5000 - 4000(2) =0 

(4) Me = -400(2) 

Me = -3000 lb ft 

(5) M. = -800 4 Vi(2o00){7) 
M, = 1800 Ibft 

(6) M„= 1500-^(1200)(3) 

Mu = 0 

(7) Zero M 4 ft from Ra 





Problem 440 


A frame ABCD, with rigid corners at B and C, supports the concentrated load as shown 
in Fig. P-440. (Draw shear and moment diagrams for each of the three parts of the 
frame.) 


c 

U2 


B 


L 



U2 


Rgyre P-440 


Solution 440 


Member AB 


Member B£ 








Problem 441 


A beam ABCD is supported by a roller at A and a hinge at D. It is subjected to the loads 
shown in Fig. P-441, which act at the ends of the vertical members 
BE and CF. These vertical members are rigidly attached to the beam at B and C. (Draw 
shear and moment diagrams for the beam ABCD only.) 



Solution 441 

Fsh = kN to the right 
M„ = 14(2) 

= 28 kX-m cotmteiclockwise 

-Fch = 3/5 (10) 

= 6 kN to the light 
Fcv = 4/5 (10) 

= 8 kN upward 
M c = Fch (2) = 6(2) 

= 12 kN-m clockwise 

ZMn= 0 

6Ra + 12 + 8(2) = 28 
Rh = 0 

ZMa= 0 

0 infj 6Rx;v + 12 = 28 + 8(4) 

R dv = 8 kX 

EFm = 0 

Rem = 14 + 6 
= 20 kN 







— 2E kN-m 


0 kN 

To draw the Shear Diagram 

(1) Shea- in segmerts A3 and BC h 
zero, 

(2) V c = 3 

(3) Vd = Vc -l- Aiea in bad diagram 
V D = 8 + 0 = 8 kN 

^02 = “ Rdv 

v IH = s-a = 0 

To draw the Moment Diagram 

(1) Moment in segment AB is zero 

(2) Mb = -28 kN-m 

(3) Me = M h -l- Aiea in shear diagram 
Me = -23 + 0 = -23 kN-m 

M a = M- + 12 = -23 T 12 
M a = -16 kN-m 

(4) M a = M a + .Ai ea in shear dsagrarrc 
Md = -16 + S[2) 


Moment Diagram 


M d =0 



Problem 442 


Beam carrying the uniformly varying load shown in Fig. P-442. 



Figure P-442 


Solution 442 


Va Lw* 





-1/3 Lw 0 


TMr 2 = 0 
LRi= ±L(jrLw a ) 

Ri= ^Lwo 

TM m = 0 
LR 2 = iLi + LWc) 
Rl = y LWo 


To draw the Shear Diagram 

(1) V A = Ri = 1/6 Lw* 

(2) \/h = V* + Aiea in load diagram 
V B = 1/6 Lwq - 1/2 Lwn 

V B = -1/3 Lw n 

(3) Location of zero snear C: 

By squaied property of pasabofe: 

k 2 / [1/6 LWo) = L 1 / (1/6 L + 1/6 Lw D ) 
6x 2 = 2L^_ 

K = L f 

(4) The shea-' in AB is a parabola with vertex at A, 
tne starting point of uniformly vaiying load. 
The bad in AB is 0 at, A to downward w fl or - 
w 0 at B r thus the slope of shear diag-am is 
decreasing. For deceasing slope, the 
para sola 's open downward . 

To draw the Moment Diagram 

(1) Ma =0 

(2) Me = M* + Area in sheas- diagram 
M- = 0 -I- 2/3 (iy LWa) 

M- = 0,06415L 3 w o = M mk 

(3) M B = ^ + Area in shea=- diagram 

Mb = He - Ai -> see figure for solving Ai 
For AiZ 

A l = 1/3 L{l/6 Lw* + 1/3 LWfl) 

- 1/3 (li^Xl/& LWo) 

- 1/6 LWfl (L - L/V3) 

A l = Q.16667L\^-0.032J0SL*w* 

- 0.O7044LH 
A l = 0.06415L 2 w o 

Mb = 0L06415L a w Q - 0.O6415LW = 0 

(4) Tfie shear diagram is second degiee ousve r 
thus the moment diagram is a third degree 
cuive. The maximum moment (highest point) 
occurred at C, ihe location of ze?o shear. The 
value of shears in AC is positive then the 
moment in AC is increasing; at CB the shear is 
negative^ then the moment in CB is 
decreasing. 




Problem 443 


Beam carrying the triangular loads shown in Fig. P-443. 



Solution 443 



By symmetry: 

Ri = Ri= 

Rj = R 2 = ±Lw o 


To draw the Shear Diagram 

(i) V A =R t = V4Lw D 

(Z) V' E . = V* T Aiea ir oad diagram 
V E = V* Lw 0 -Vi{L7ZKw fl ) =0 

{3) V c = V B + Area in load diagram 
V c = 0 - Vi fU'Z)^,) = -V4 Lw a 

(4) Load in AB is linear, thus, V Ae is second degiee or 
parabolic cuwe. The load is from 0 at A to w fl {w n is 
downward or -w n ) at B, thus ihe slope of V* B is 
deceasing. 

{5} Vgc is also pa -atone since the load in SC is linear. 
The magnitude of had in BC is from -w D to 0 or 
increasing, thus trie slope ofV BC is increasing. 

To draw the Moment Diagram 

(1) M* = 0 

(Z) M D = + Aea in shear diagram 

M b = 0 + Z/3 (U2X1/4 LwJ = 1/12 Lw* 

{3} Me = M B + Area in shear diagram 

Me = 1/12 Lw d - 2/3 [L/ZX1/4 Lw D ) =• 0 

(4) M* c is third degree oecajse the shea^ diagram in AC 
is second degiee. 

{5} The shear from A to C is deaeaa'ng,, thus she slooe 
of moment diagram from A to C is decreas : ng. 



Problem 444 

Beam loaded as shown in Fig. P-444. 



Solution 444 


Total load 

= 2[f(L/2)M 

= 

By symmetry 

Ri = Ri = y x total load 
Ri. = Rj = -y Lw a 




To draw the Shear Diagram 

(1) Va = Rj = V+ LkVn 
{2} V E . = V* +■ Area in bad diagram 
V B = V4 Lw 0 - V: [IjfZKwJ = 0 
{3) V c = V H + Area in oad diagram 
V c = 0 - % [L/2)twJ = -Va Lw fl 
(4) The shear diagram in AB is second degiee 
cuive. Ttie shear in A3 is fiom -w* 
[downward w □) to zem or increasing, thus, 
the slope of shear ait A3 is increasing {upward 
pa^aboa). 

{5} The shear diagram in BC is second degiee 
cuive. The shear in BC is from ze*o to -w 0 
(downward wj or decieasing r tnjs r the slope 
of shear at BC is decreasing (downward 
parabola) 

To draw the Moment Diagram 

(1) M* = D 

(2) Mb = NU + Area m shear diagram 

Mb = 0 + 1/3 {Lf2)('M LwJ = 1/24 L 2 vv 0 
{3) M c = Nt 4 Area in shear diagram 

M c = 1/24 L 2 Wa - 1/3 [L/2)[ 1 ,4 LwJ = 0 
(4) The shea.- diagram horn A to C is deceasing, 
thus, the moment diagram is a concave 
downward thiid degiee curve. 


Moment Diagram 



Problem 445 


Beam carrying the loads shown in Fig. P-445. 



Solution 445 



ZMe=0 

5Ri = 30(3) + 90(2) 

Ri = 84 kN 

= 0 

= 30(2) + 90(3) 
R 2 = S6 kN 


Checking 

+ R2 = F 1 + Fn oicf 

To draw the Shear Diagram 

(1) V* = Rj = 84 kN 

(2) V B = V A + Area in load diagram 
V B = 84-20(1) =64 kN 

(3) Vr = V B + Area in load digram 

Vc = 64 - Vi (28 4 30)(3) = -86 kN 

(4) V D = V c + A-iea in load diagram 
V D = -86 + 0 = -86 kN 

Vdj = V D + = -86 + 86 = 0 

(5) Location of zero shear: 

From the load diagram: 
y / [x 4 L) = E0 / 4 
y = 20(x 4 1) 

y E = y E + Area in load diagram 
0 = 64 - 'h (20 4 y)x 
(20 + y)x = 128 
[20 4 20(k + l]]x = 128 
20 k 3 4 40x - 128 = 0 
5k 3 - 10x-32 =0 
x = 1.72 and -3.72 
use x = 1.72 m from B 
(5) fly squared psope'ty of parabola: 
z/(l + k) 3 = (z 4 86) / 4 3 
16z = 7.3984Z 4 636.2624 
3.6016Z = 254.4224 
z = 73.97 kN 

To draw the Moment Diagram 

(1) M* = 0 

(2) M B = M* 4 Aea in shear diagram 
Mb = 0 4 Vi (84 + 64)(1) = 74 kNm 

(3) Me = Nb 4 Area in shear diagram 

M E = 74 4 Aj -4 see figure for A t and A 3 
For A e : 

Ai = 2/3 [1 4 1.72)(73.97)- 64(1} 

- 2/3 (1X9.97) 

Aj = 63.5 

M e = 74 4 63.5 = 137.5 kN m 

(4) Me = M E 4 Area in shear diagram 
M c = M c -Aj 

For Aj: 

Aj = 1/3 (4)(73.97 4 86) 

-1/3(1 4 1.72)(73.97) 

- 1.28(73.97) 

A : = 51.5 

Me = 137.5-51.5 = 36 kN m 

(5) M D = Me 4 Area in shear diagram 
Md = 86 - 86(1) = 0 



Problem 446 


Beam loaded and supported as shown in Fig. P-446. 



Solution 446 



Moment Diagram 


TF V = 0 

4^ ff + 2[^^ n (l}] = 20(4) + 2£50) 

5w c = ISO 
We = 36 kK T /m 

To draw the Shear Diagram 

(1) V A = 0 

(2) V B = V* - Area in load diagram 
V B = D + Vz (36X1) = 18 kN 
V D = V H - 50 = L8 - 50 

= -32 kH 

(3) The net uniformly distributed load in 
segment BC is 36 - 20 = IS fcN/m 
upwaid, 

Vi= = V M 4 Aiea in Soad diagram 
V c = -32 4 16(4) = 32 kN 
V ca = Vq- 50 = 32-50 
y Q = -is kH 

(4) V D = V Q 4 Area in load diagram 
V D = -IB + Vz (36X1) = 0 

(5) The shape of shear at AB and CD are 
parabolic spandrel with veitex at A and D t 
iespectively, 

(6) The location of zero shear is obviously at 
the midspan or 2 m from B. 

To draw the Moment Diagram 

(1) Ma = 0 

(2) Mb = M a + Aiea in shear diagram 
Mb = D 4 1/3(1X18) 

Mb = 6 kN-m 

(3) Mmuspan = Mh 4 Aiea in shear diagram 
^^ = 6-% (32X2} 

^mHspan = ~2.b kN-BTI 

(4) Me = M mdS|un 4 Aiea in shear diagram 
Me = -26 - V: (32X2) 

Me = 6 kN-m 

(5) M D = M c 4 Area in shear diagram 
M d = 6 - 1/3 ( 1)( 18) = O 

(6) The moment diagram at A3 and CD are 
3 rd degiee curve while at BC is 2 nd degee 
curve. 



Finding the Load & Moment Diagrams with Given Shear 
Diagram 


INSTRUCTION 

In the following problems, draw moment and load diagrams corresponding to the given 
shear diagrams. Specify values at all change of load positions and at all points of zero 
shear. 


Problem 447 

Shear diagram as shown in Fig. P-447. 


lb) 



^ 2 ^ 
1000 

+ £. * 
2400 

400 

1 




Figure P-447 




^4000 


Solution 447 


2000 lb 4400 lb 1000 lb 



To draw the Load Diagram 

(1) A 2400 lb upward force is acCng at 
point A. No load in segment A3. 

(2) A point force of 2400 - 400 = 2000 
^b is acting downwaid at point B. 
No load in segment BC. 

(3) Another downward force of 
magnitude 400 -I- 4000 = 4400 Is 
at p&nt C. No load in segment CD. 

(4) Upward point force of 4000 + 1000 
= 5000 lb is acting at D. No load 
in segment DE. 

(5) A downward force of 1000 lb is 
concentrated at point E. 

To draw the Moment Diagram 

(1) r-u = o 

(2) M B = M* 4 Area in shear diagram 
M b = 0 + 2400(2) = 4800 lb ft 

is linear and upward 

(3) M c = Mh 4 Area in shear diagram 
M c = 4800 4 400 [3] = 6000 Ibft 
M k is linear and upward 

(4) M d = M, : + Area in shear diagram 
Mb = 6000 - 4000(2} = -2000 Ibft 
Mai is inear and downward 

(5) M e = M c . 4 Area in shear diagram 
M e = -2000 4 1000(2) = 0 

Koe is linear and upwad 



Problem 448 

Shear diagram as shown in Fig. P-448. 



Solution 448 



Moment Diagram 


To draw the Load DEagram 

{1) A uniformly distributed load in AB is act'ng 
downwaid at a magnitude of 40/2 = Z0 
kN/m B 

{2] Upward concentrated force of 40 + 36 = 
76 kN acts at E. No load : n segment BC 

{3) A downwaid point force acts at C at a 
magnitude of 36 - 16 = 20 kM. 

{4) Downward uniformly distributed bad in CD 
has a magnitude of {16 + 24)/4 = 10 kN/m 
Si causes zero shear at point F, 1.6 m from 
C 

{51 Anotner upward concern rated foice acts at 
D at a magnitude of 20 -I- 24 = 44 kN. 

{6) The load in segment DE is uniform and 
downward at 20/2 = 10 kM/m. 

To draw the Moment Diagram 

(1) m a =o 

{21 Mo = Ma 4 Area in shear diagram 
M h = 0 - V '2 (40)[Z) = -40 kN-m 
M ab is downward parabola with veitex at A. 

{31 M- = M B 4 Area in shear (tag ram 
M^ = ^0 4 36{L] = -4 kN-m 
M k is linear and upward 

(4) M F = M c 4 Aiea in shear diagram 
M F = — 4 + Ml (16X1-6) = 8,3 kN-m 

{5J M d = M f 4 Area in shear diagram 
M d = 3.3 - Vz (24X2-4) = -20 kN-m 
M:d is downward parabola wtfi vertex at F. 

(61 M e = M d 4 /Vea in shear diagram 
M e = -23 4 Vi (20)[2) = 0 
M L€ is downward parasola wi^h vertex at E. 



Problem 449 

Shear diagram as shown in Fig. P-449. 



Solution 449 



Moment Diagram 


To draw the Load Diagram 

(1) Downward 400G b force is concentrated at 
A and no load in segment AB. 

(2) The shear irr BC is unifoimly increasing, 
thus a unifcmi uswaid force is acting at a 
magnitude of [3700 + 4000J/2 = 3350 
Ib/ft load in segment CD. 

(3) Another point force actfng downwaid with 
3700 - 1700 = 1200 b a: D and no load in 
segment DE. 

(4) The shea? in EF is uniformly deceasing., 
thus a uniform downward force is act'ng 
with magnitude of {1700 + 310G)/S = 600 
lb /ft. 

(5) Upward force of 3100 lb is concentrated at 
end of span F. 

To draw the Moment Diagram 

(1) The locations of zeio shear [points G and 
H) can be easily deienfned by ratio and 
propoilion of triangle. 

(2) M* = 0 

(3) M a = M* + Area in shea - diagram 
M b = 0 - 400 0{3) = -12 r 000 Ib-ft 

(4) Ma = Mb + Area in shear diagram 
Ml = -12 r 0DG - V 2 {80/77X4000) 

Ml = -14,077,92 ib-ft 

(5) Me = M G + Area in shear diagram 

M- = -14,077.92 + Ve [74/77)[3700) 

Me = — 12 r 3O0 Ib-ft 

(6) Md = M + Area in shear diagram 

M d = -12,300 4 3700[3) = -1200 I" ft 

(7) M E = M D + Area in shear diagram 
M e = -1200 + 1700(4) = 5600 Ib-ft 

(S) M h = Me + Area 'n shear diagram 
M h = 5600 4 Vi [17/6)(1700) 

M h = 8,003-33 Ib-ft 

(9) M F = Mh + Area in shea -diagram 
M P = 8,003-33 - Vj [31/6){3100] = 0 




Problem 450 

Shear diagram as shown in Fig. P-450. 



K{ft) 


Solution 450 




To draw the Load Diagram 

(1) The sheaa- diagram in AB ^s uniformly upward, 
thus the load is infirmly d’siributed upward at 
a magnitude of 900/4 = 225 Ib/ft. No load in 
segment BC. 

(2) A downward port force acts at point C with 
magnitude of 900 lb. No bad in segment CD. 

(3) Another concentrated force is acting downward 
at D with a magn'tude of 90C lb. 

(4) The load in DE is uniformly dist-ibuted 
downward at a magnitude of (1330 - 9[H})/4 = 
120 Ib/ft. 

(5) An upward load is concentrated at E wrath 
magnitude of 430 + L3E0 = I860 lb. 

(6) 430/4 = 120 Ib/ft is distributed uniformly over 
the span EF. 

To draw the Moment Diagram 

(1) Ma = 0 

(2) r^b = M* +■ Area in shear diagram 
Nfe = 0 + to [4X900} = 1300 Ib-ft 

(3) = M h + Area in shear diagram 
Me = LSC0 + 900(2} = 3600 Ib-ft 

(4} Mb = M= + Area in shear diagram 
Mb = 3600 + 0 = 3600 Ib-ft 

(5) Mt = M c . 4 Area n shear diagiam 

= 3600 - to (900 + 1380X4) 

Me = -960 Ib-ft 

(6) NV = MV + Area in shea;- d'agjam 

=-960 + to(4S0)(4) = 0 

(7) The shape of moment diagiam in AB is upward 
parabola wfth veites< at A, while linear in BC and 
horizontal in CD. For segment DE, the d'agram 
is downward parabola wiih vertex at G. G is ihe 
point where the extended shear in DE intersects 
the line of zero shear. 

(S) The moment diagiam in EF is a downward 
parabola with vertex at F. 




Problem 451 


Shear diagram as shown in Fig. P-451. 



x[m) 


Solution 451 


SkN/m 



H 


6 kN 


i 

, B 

10 kN 

C 

D J 

J V '■J if*. kJ w kJ ■ 

H j 


4kN/m 

3 m 

*1 mi 

*1 m* 

2 m 


Load Diagram 


10 



kn3 kN! 


! i 1 ! 

Given Shear Diagram 



Moment Diagram 


To draw the Load Diagram 

{1) Upward coroenfcabed load at A is 10 kN. 

{2] The shear in AB is a 2 M -degiee cuive, thus 
ttie ^oad in AB is uniformly vaiying. In this 
case, it is zero at A to 2{10 + 2)/3 = S kN at 
B, No load in segment BC. 

{ 3 ) A downward point force is acting at C in a 
magnitude of S - 2 = 6 kM. 

{4] The shear in DE 's uniformly increasing, thus 
the had in DE is uniformly distributed and 
upward. This load is spread over DE at a 
magnitude of 3/2 = 4 kl^m. 

To draw the Moment Diagram 

(!) To find the location of zem shear, F: 
x7lO = 3*/[lQ + 2) 
k = 2.74 m 

(2) M a = 0 

{3) M f = Mi, +■ Area in shear diagram 
M f = 0 + 2/3 {2.74X10) = 13r26 kN-m 

{4) Mb = M f T Aiea in shear diagram 
M u = 13.26 - [1/3 (10 + 2X3) 

- 1/3 {2.74X10) - 10(3 - 2.74)1 
Mb = 13 kN-m 

{5) Me = M b + Area m shear d'agsam 
M c = 13-2(1)= 16 kN-m 

(6) M u = M c + Area in shear diagram 
M d = 16-3(1) = fl kN-m 

(7) M e = M d + Aea in shear diagram 

Me = 3 - (2)(3) = 0 

{6) The moment d'agram in AB is a second 
degree cuive, at BC and CD are linear and 
downward. For segment DE r the moment 
diagram is parabola open upwaid with vertex 
at E. 




Moving Loads 

From the previous section, we see that the maximum moment occurs at a point of zero 
shears. For beams loaded with concentrated loads, the point of zero shears usually 
occurs under a concentrated load and so the maximum moment. 

Beams and girders such as in a bridge or an overhead crane are subject to moving 
concentrated loads, which are at fixed distance with each other. The problem here is to 
determine the moment under each load when each load is in a position to cause a 
maximum moment. The largest value of these moments governs the design of the 
beam. 


SINGLE MOVING LOAD 


For a single moving load, the maximum moment occurs when the load is at the midspan 
and the maximum shear occurs when the load is very near the support (usually 
assumed to lie over the support). 


1 

"osit'on for 

P 1 

Position for 

1 

maximum 


rrawlmum 

T 

stieai 

t 

moment 






PL 


And = P 


TWO MOVING LOADS 


For two moving loads, the maximum shear occurs at the reaction when the larger load 
is over that support. The maximum moment is given by 



where P s is the smaller load, P b is the bigger load, and P is the total load (P = P s + P b ). 



THREE OR MORE MOVING LOADS 


In general, the bending moment under a particular load is a maximum when the center 
of the beam is midway between that load and the resultant of all the loads then on the 
span. With this rule, we compute the maximum moment under each load, and use the 
biggest of the moments for the design. Usually, the biggest of these moments occurs 
under the biggest load. 

The maximum shear occurs at the reaction where the resultant load is nearest. Usually, 
it happens if the biggest load is over that support and as many a possible of the 
remaining loads are still on the span. 

The maximum shear occurs at the reaction where the resultant load is nearest. Usually, 
it happens if the biggest load is over that support and as many a possible of the 
remaining loads are still on the span. In determining the largest moment and shear, it is 
sometimes necessary to check the condition when the bigger loads are on the span and 
the rest of the smaller loads are outside. 

Solved Problems in Moving Loads 


Problem 453 

A truck with axle loads of 40 kN and 60 kN on a wheel base of 5 m rolls across a 10-m 
span. Compute the maximum bending moment and the maximum shearing force. 

Solution 453 

R = 40 + 60 = 100 kN 

xR = 40(5) 
r = 200/ R 
x= 200/100 
je = 2 m 


R 




R = l<ffi kN 


40 kN 


tj 60 kN 
* 3 m T 2 m '1 

I ] ' m) 


For maximum moment under 40 kN wheel: 
1Ms2 = 0 
lOiti = 3.5(100) 

Hi = 35 kN 


L 



1 

Ril 

3.5 m 

1.5 rri 

£Q ui 

3.5 m 






Ri 


M To left of w w - 3.5i?i 
‘^Td the Left of « kN = 3.5(35) 

th# Left ot 4C kN li^.3 k\ m 


For maximum moment under bO kN wheel: 


R = ICO kN 



EMri = 0 

10R 2 = 4(100) 

R 2 = 40 kN 

the r.gtiT cf £0 kM 4R 2 

*^Td ther.gbiTcf SOkN — 4(40) 

*^td th#rigtiTcf fiotw — 160kN - m 

Hitts, M-iua = 160 kN -111 

Hie maximum shear will occur 
when the 60 kN is over a support, 

TMri = o 
10R 2 = 100(8) 

R 2 = 80 kN 

Hiu s, V mi * = 80 kN 


Problem 454 

Repeat Prob. 453 using axle loads of 30 kN and 50 kN on a wheel base of 4 m crossing 
an 8-m span. 


Solution 454 


R = 30 + 50 = SO kN 

xR = 4(30) 
x = 120/ R 
jc = 120/S0 
.’r = 1.5 m 


R 




R = 5£i kN 



Maximum moment under 30 kN wheel: 
ZMr. = 0 
fiRi = 2.75(80) 

Ri = 27.5 kN 


* ^Td the Lett of 30 kN — ■ J 1 

Mi, i^t D t m kN = 2 . 75{27 . 5 ) 
M To the left nfsokN = 75.625 kX-m 


R = 80 kN 



< — 0 n - — > 


Maximum moment under 50 kN wheel: 
TMri = 0 
S R 2 = 3.25(80) 

R 2 = 32.5 kN 

MioHieri^itof 50 tN = 3.25R: 

^Td 50 kN = 3.25(32.5) 

X'llc. the r.^tiT oi 50 icN r = 105.625 kN HI 

Thus, M a .^ = 105.625 kN m 


Ri 


R =80 kN 


3D kN 


i 2.5 m ^ t 5 "^50 kN 

j T m ) 

-i 


6.5 m — 
— fl m 




Hie maximum shear will occur 
when the 50 kN is over a support. 
IMm = 0 
= 6.5(80) 

R 2 = 65 kN 

Thus, = 65 kN 


Problem 455 

A tractor weighing 3000 lb, with a wheel base of 9 ft, carries 1800 lb of its load on the 
rear wheels. Compute the maximum moment and maximum shear when crossing a 14 
ft-span. 

Solution 455 

R = W, + Wf 
3000 = 1800 + W f 
Wt = 1200 lb 

Rx = 9W f 
3OO0.J; = 9(1200) 
x = 3.6 ft 



9 -x = 5.4 ft 



When the midspan is midway 
between and R r tlie front wdieel 
W{ will be outside the span (see 
figure). In this case,, only the rear 
wheel W r = 1300 lb is the load. The 
maximum moment for this condition 
is when die load is at the mid span. 

Ri = R 2 = Vi (1300) 

Ri = 900 lb 

Maximum moment under PV, 

AItd the Left of rear wti*eL = /-R-I 

Mtd th* Left d£ ie si v-heeL = / (000) 

M Td ^ of rear wheel = 0300 lb ft 

Maximum moment under Wf 
TMm = 0 
14fo = 4.3fi 
UR 2 = 4.3(3000) 

R 2 = 921.43 lb 

the- of freest wheel 4.3R S 
A4t-c- the light dI Jrcnt wheel = 4.3(921.43) 
the- of freed: wheel — 3962.1 lb ft 

Thu s ,■ -iVTn-ia# tie Ie£t ce rear wheel 

= 6300 lb ft 




The maximum shear will occur when the 
rear wheel (wheel of greater load) is 
directly over the support, 

ZMft2= 0 

14Ri = 1D.4R 
14Ri = 10,4(3000) 

Ri = 2228,57 lb 


Thus, V™ = 2228.57 lb 



Problem 456 


Three wheel loads roll as a unit across a 44-ft span. The loads are Pi = 4000 lb and P 2 
8000 lb separated by 9 ft, and P 3 = 6000 lb at 18 ft from P 2 . Determine the maximum 
moment and maximum shear in the simply supported span. 


Solution 456 



x(18) = 9(8) + (9 + 18) (6) 

x = 13 f t -> the resultant R is 13 ft from Pi 


f 


15.5' 


— k = 13 J — H 





44' 


Maximum moment under P x 
XM*2=0 
44Ri = 15.5R 
44Rx = 15.3(18) 

J?i = 6.34091 kips 
R x = 6,340.91 lbs 

Mtd tIt* lift a' FI = 15.5i?l 

15.5(6340.91) 
Afro™ lift of fi = 93,284,1 lb ft 


Ri 



44 ' 


Maximum moment under P 2 
XMr2 = D 
44Ri = 2QR 
44R X = 20(13) 

R.! = 8.18182 kips 
Ri = 8,181.82 lbs 

j 

A4td tIts Left ar FI = 20Ri - 9Pl 

Rj Af Tr itft a ; pi = 20(8,18 1 .82) 

>| - 9(4000) 

AfraOKMioiisi = 127,636.4 lb-ft 



Maximum moment under P 3 



«i R 2 

L 44' J 


ZRi = 0 
44Ri = 13R 
44R: = 15(18) 

J ?2 = 6,13636 kips 
R 2 = 6,136.36 lbs 

AIt ci rhe n^Pvt nf F5 = 1 jRl 

Mtd tIt e rijjit af F 3 = 1 3 (6, 1 36 . 36) 
M Td ^ njat oi F 5 = 92,045.4 lb- ft 



Til 115, AToia * Mto the left of F2 

= 127,636.4 lb ft 


"Hie maximum sheaf will occur 
when Pi is over the support. 


EMkl = 0 


44Pi = 35R 


4 


44R X = 35(18) 

Ri = 14,3182 kips 
Ri = 14,318.2 lbs 

Thus, = 14,318.2 lbs 


Problem 457 

A truck and trailer combination crossing a 12-m span has axle loads of 10, 20, and 30 
kN separated respectively by distances of 3 and 5 m. Compute the maximum moment 
and maximum shear developed in the span. 


Solution 457 



R = 10 + 20 30 
R = 60 kN 


xR = 3(20) + 8(30) 
Jt(60) = 3(20) + 8(30) 


x = o m 



Maximum moment tinder 10 kN 



lm e = o 

12 Rj. = 3.5R 
12Rj = 3.5(60) 

12Ri = 210 
Ri = 12.7 kN 

a- lC lefrof 10 IcN = 3.5Rj. 

= 3.5(12.7) 

= 61 .25 kN m 

Maximum moment under 20 kN 



YMbi = 0 
12Ri = 5 R 
12Ri = 5(60) 
R, = 25 kN 


Mite the left c*2fl LX = 5-R.l - 3(10) 
= 5(25) - 30 
= 95 kNm 


When the centerline of the beam is midway between 
reaction R = 60 kN and 30 kN, the 10 kN comes off 
the span. 


x = 3m 


20 kN 


r 


5 m 

R = 50 kN 


3C kN 


SWV//S/A 


4 '. 


5 m 


5 m 


Rl 


i m 
12 m 



K = 20 + 30 
R = 50 kN 


.-tlR = 5(30) 

x(50) = 150 

x = 3 m from 20 kK T 


TMm = 0 
12B, = 511 
12 R 2 = 5(50) 
R, = 20.33 kN 


A^Ta the right ofc 30 kN 3^2 

= 5(20.83} 

= 104.17 kNm 

Thus, tlie maximum moment will occur when only 
tlie 20 and 30 kN loads are on the span. 

Alir.aA -VItd th# rigl\t erf 30 kN" 

= 104.17 kNm 



The maximum shear will occur when the three loads 
are on the span and the 30 kh’ load is directly over the 
support. 



zm m = 0 

12R 2 = 9JI 
12R 2 = 9(60) 

Ri = 45 kN 

Thus, V™* = 45 kN 



Stresses in Beams 

Forces and couples acting on the beam cause bending (flexural stresses) and shearing 
stresses on any cross section of the beam and deflection perpendicular to the 
longitudinal axis of the beam. If couples are applied to the ends of the beam and no 
forces act on it, the bending is said to be pure bending. If forces produce the bending, 
the bending is called ordinary bending. 

ASSUMPTIONS 

In using the following formulas for flexural and shearing stresses, it is assumed that a 
plane section of the beam normal to its longitudinal axis prior to loading remains plane 
after the forces and couples have been applied, and that the beam is initially straight 
and of uniform cross section and that the moduli of elasticity in tension and 
compression are equal. 

Flexure Formula 

Stresses caused by the bending moment are known as flexural or bending stresses. 
Consider a beam to be loaded as shown. 



Consider a fiber at a distance y from the neutral axis, because of the beam's curvature, 
as the effect of bending moment, the fiber is stretched by an amount of cd. Since the 
curvature of the beam is very small, bed and Oba are considered as similar triangles. 
The strain on this fiber is 


cd y 
ab p 

By Hooke's law, e = a / E, then 



which means that the stress is proportional to the distance y from the neutral axis. 


For this chapter, the notation /twill be used 
instead of CF, to denote flexural stresses. 



Considering a differential area dA at a distance y from N.A., the force acting over the 
area is 


dF=fi,dA= — EdA = — ydA 
P P 

The resultant of all the elemental moment about N.A. must be equal to the bending 
moment on the section. 


but 


i / 2 dA = I, 


then 



E ^ 
y—y sA 

P 



fdA 


,, El El 

M = — or p = 

p Af 


substituting p = Ey / f b 


then 


Ey El 

X = « 


and 


* = 


My_ 

I 


(fi )= 


Me 

I 


The bending stress due to beams curvature is 



The beam curvature is: 


fi- 

h- 


E I 
— c 

Me _ p 

~1 T 

Ec 

P 


* = 1/P 

where p is the radius of curvature of the beam in mm (in), M is the bending moment in 
N-rnm (lb-in), f b is the flexural stress in MPa (psi), I is the centroidal moment of inertia 
in mm 4 (in 4 ), and c is the distance from the neutral axis to the outermost fiber in mm 
(in). 

SECTION MODULUS 

In the formula 


ifi) 


mi* 


Me 

~T 


M 

Tfc' 


the ratio I/c is called the section modulus and is usually denoted by S with units of mm 3 
(in 3 ). The maximum bending stress may then be written as 


<*)■„ = -j- 

This form is convenient because the values of S are available in handbooks for a wide 
range of standard structural shapes. 


Solved Problems in Flexure Formula 


Problem 503 

A cantilever beam, 50 mm wide by 150 mm high and 6 m long, carries a load that 
varies uniformly from zero at the free end to 1000 N/m at the wall, (a) Compute the 
magnitude and location of the maximum flexural stress, (b) Determine the type and 
magnitude of the stress in a fiber 20 mm from the top of the beam at a section 2 m 
from the free end. 



Solution 503 



dins 


M = 2f-x 2 { }:r ) 
M = ^-x 3 


(a) The maximum moment occurs at the support (the 
wall) or at x = 6 in. 

M = ^-x 3 = ^(6 3 ) 

= 6000 N m 



b = 50 mm -^2 

(_/t )nia\ = 32 MPa 


(b) At a section 2 m from the free end or at x = 2 m at 
fiber 20 mm from the top of the beam: 



12 

fh = 0.S691 MPa = 869.1 kPa 


Problem 504 


A simply supported beam, 2 in wide by 4 in high and 12 ft long is subjected to a 
concentrated load of 2000 lb at a point 3 ft from one of the supports. Determine the 
maximum fiber stress and the stress in a fiber located 0.5 in from the top of the beam 
at midspan. 


Solution 504 


2000 lb 



-500 lb 


Shear Diagram 

4500 Ib-ft 



Moment Diagram 


YMb2 = 0 
12J?i = 9(2000) 
Ri = 1500 lb 

IMrl = 0 
1 2Rz = 3(2000) 
R: = 500 lb 


Maximum fiber stress: 



12 

[ fb W = 10/125 psi 


Stress in a fiber located O.o in from die top of die 
beam at midspan: 


M w _ 4500 
6 9 

M m = 3000 lb-ft 




Problem 505 

A high strength steel band saw, 20 mm wide by 0.80 mm thick, runs over pulleys 600 
mm in diameter. What maximum flexural stress is developed? What minimum diameter 
pulleys can be used without exceeding a flexural stress of 400 MPa? Assume E = 200 
GPa. 


Solution 505 



I 0.80 mm 


Flexural stress developed: 



_ Mr _ (EJ/p)c 


Ec _ 200000(0.80/2) 
p 300 


> = 2G6.67 MPa 


Minimum diameter of pulley: 



P 

40Q _ 200000 (0,30/2) 
P 

p = 200 mm 
diameter, d = 400 mm 


Problem 506 

A flat steel bar, 1 inch wide by V 4 inch thick and 40 inches long, is bent by couples 
applied at the ends so that the midpoint deflection is 1.0 inch. Compute the stress in 
the bar and the magnitude of the couples. Use E = 29 x 10 6 psi. 


Solution 506 



(p - l) 2 + 20 2 = p 2 
p 2 - 2p + 1 + 400 = p 2 
2p = 401 
p = 200.5 in 



Me _ (El/p)c 


I 


I 



. = Ec_ = (29xl0 6 )(l/S) 
p 200.5 

ft, = IS 079 .8 psi 
ft, = 18.1 ksi 



(29 x ID 6 ) 


1(1 /4) 3 

12 


200.5 


M = 188.3 lb-in 


Problem 507 

In a laboratory test of a beam loaded by end couples, the fibers at layer AB in Fig. P- 
507 are found to increase 60 x 10' 3 mm whereas those at CD decrease 100 x 10' 3 mm 
in the 200-mm-gage length. Using E = 70 GPa, determine the flexural stress in the top 
and bottom fibers. 


200 mm 



Figure P-507 


Solution 507 


200 mm 

r 


5tD 


P 



x = 120- Jt 

60xl0‘ ? 100 xlO -3 

a: = 0.6(120 - x) 
x + 0. 6x = 0.6(120) 
1.6x= 72 
x = 4 5 mm 


60xl0 -j 


% + 30 x 

60 xlO -3 


O r ;p — 


45 


(45 + 30) 


6 fop =0.1 mm lengthening 


iW .100x10- 


195-% 


120 -% 


100 x 10 . 

ojpffopi — —(195 — 45) 

120-45 

dboHtm = 0.2 mm shortening 

From Hooke's Law 
fb = Es 

r- £5 

>_ T 


( fe )kw — 


70000(0.1) 


0t> 


J>3f •t’TJ ' 


200 

= 35 MPa tension 

70000(0.2) 

200 

= 70 MPa compression 


Problem 508 

Determine the minimum height h of the beam shown in Fig. P-508 if the flexural stress 
is not to exceed 20 MPa. 


FJQUreP-5DS 5 kN 




80 mm 



Solution 508 


EAfa-0 

3Ri = 2(5) +2 (2. 5) (4) 
R, = 10 kN 



Shear “ 5 kN 



SiWm = 0 

3R: = 1(5) + 1(2.5) (4) 
Ri = 5 kN 



Where: 


ft = 20 MPa 
M = 5 kX m 

= 5(1000)- IV mm 
c = -f h 

r _ bh 3 _ SOJi 3 
12 12 
= -f / j 3 

Thus, 

20 _ 5(1000)-(4?;) 

■ f ?? 3 

k 2 = IS 750 
It = 137 mm 


Problem 509 

A section used in aircraft is constructed of tubes connected by thin webs as shown in 
Fig. P-509. Each tube has a cross-sectional area of 0.20 in2. If the average stress in the 
tubes is no to exceed 10 ksi, determine the total uniformly distributed load that can be 
supported in a simple span 12 ft long. Neglect the effect of the webs. 





Solution 509 


Rl = R2= i(12)H 
= R.2 = 6ie 


w Ib/ft 



Moment Diagram 


Ji = 10 ksi = 10,000 psi 
M = ISiiJ lb ft 
c = 6 

Centroiclal moment of inertia of one tube; 

A — *r z = 0.20 

r = 0.2523 in -> hollow portion of tlie 
tube was neglected 

- _ nr* _ n(0.2523) 4 
Ix T " 4 

L = 0.0032 in 4 



Moment of inertia at the center of the section; 
di = 6 sin 30° = 3 in 

h = I, + Ad^ 
h = 0.0032 + 0.2(3=) 

Ji = 1.8 in 4 

L = T, + Ad z 2 
h = 0.0032 + 0.2(0=) 
h = 7.2 in* 


J = 41, + 21: = 4(1, S) - 2(7.2) 
J = 21.6 in 4 


h = 


Me 

I 


10,000 


lSw(12)(6> 

21.6 


w = 166.7 Ib/ft 


Problem 510 

A 50-mm diameter bar is used as a simply supported beam 3 m long. Determine the 
largest uniformly distributed load that can be applied over the right two-thirds of the 
beam if the flexural stress is limited to 50 MPa. 




Solution 510 


= 0 

3R : = 2w{2) 



Problem 511 

A simply supported rectangular beam, 2 in wide by 4 in deep, carries a uniformly 
distributed load of 80 Ib/ft over its entire length. What is the maximum length of the 
beam if the flexural stress is limited to 3000 psi? 


Solution 511 


By symmetry: 

Hi = H : = 4 (SOL) 
Hi = H: = 40L 


30 b/ft 




where {fi, ) ua>l = 3000 psi 
M = 10L- Ib-ft 
c = h f 2 = 2 ill 
r _ bh- _ 2(4 f 

“'IT 'TT 



b = 2 in 


3000 = 


10L 2 (12)(2) 

32/3 


L = 11.55 ft 




Problem 512 

The circular bar 1 inch in diameter shown in Fig. P-512 is bent into a semicircle with a 
mean radius of 2 ft. If P = 400 lb and F = 200 lb, compute the maximum flexural stress 
developed in section a-a. Neglect the deformation of the bar. 


P 



Figure P-512 

Solution 512 

ZM £ = 0 

4R* = 2(400 sill 60°) + 2(200 sin 30°) 
Ra = 223.2 lb 


P = 400 lb P = 4EJS lb 



M = 2(223,2) - 2(400 cos 60°) 
M = 46.4 lb ft 




)rf.a.y 

( _/h )n-.ay 



5671.52 psi 


Problem 513 

A rectangular steel beam, 2 in wide by 3 in deep, is loaded as shown in Fig. P-513. 
Determine the magnitude and the location of the maximum flexural stress. 


4501b 



Figure P-513 


Solution 513 


LMfl2 = 0 

9R = 6(430) + 3600 
Ri = 700 lb 


IM R1 = 0 

9R- + 3(450) = 3600 
R-_ = 250 lb 



700 lb 



Shear Diagram 



Moment Diagram 


Me 

( f) = --- 

where M = 2850 lb it 
c = h/2 = 3/2 

= 1.5 in 

J = W_ = 2(3 3 ) 

12 12 

= 4.5 in 4 

_ 2850 (12) (1.5) 

\Jh Jnu* - — 

( ft )zy.ax = 11400 psi ® 3 ft from right support 



Problem 514 

The right-angled frame shown in Fig. P-514 carries a uniformly distributed loading 
equivalent to 200 N for each horizontal projected meter of the frame; that is, the total 
load is 1000 l\l. Compute the maximum flexural stress at section a-a if the cross-section 
is 50 mm square. 



Figure P-514 and P-515 

Solution 514 

By symmetry 
Ra = 500 N 
R b = 500 N 



At section a-a\ 

x 4 
cos 6 = — = — 

3 5 

x = 2.4 m 

M = %R a - 200a: (x/2) 

M = 2.4(500) - 200(2.4)(2.4/2) 
M = 624 N m 

_ Me _ 624(1000) (50/2) 
■' c ~T 50(50 3 ) 

f t = 29.952 MPa 


12 



Problem 515 


Repeat Prob. 524 to find the maximum flexural stress at section b-b. 


Solution 515 


oQ rnm 


50 mm 




At section b-b: 

sin 6 = — 
2 

z = 1.5 m 


3 

5 


M = z R e - 200 z (z/ 2) 

M = 1.5(500) - 200(1. 5) (1.5/2) 
M = 525 N-m 


Me _ 525(1 000) (50/ 2) 
~T 50(50) s 

12 

k = 25.2 MPa 


Problem 516 

A timber beam AB, 6 in wide by 10 in deep and 10 ft long, is supported by a guy wire 
AC in the position shown in Fig. P-516. The beam carries a load, including its own 
weight, of 500 lb for each foot of its length. Compute the maximum flexural stress at 
the middle of the beam. 




Solution 516 


x = 10 cos 15' 
Jt = 9,66 ft 



ft = 724.39 p si 


Problem 517 

A rectangular steel bar, 15 mm wide by 30 mm high and 6 m long, is simply supported 
at its ends. If the density of steel is 7850 kg/m 3 , determine the maximum bending 
stress caused by the weight of the bar. 


Solution 517 

w = (7S50 kg/m 9 ) (0.015 m x 0.03 m) 
= (3.5325 kg/ m) (9. 81 m/s 2 ) 

= 34.65 N/m 



R,. = 103.96 N Rfl = 103,96 N 


15 mm 



Rl= Rr = bwj2 

= 6 (34. 65)/ 2 
= 103.96 N" 





34.65 N/m 


For simply supported beam subjected to uniformly 
distributed load, die maximum moment will occur at 
die midspan. At midspan: 

M = 3(103.96) - 3465(3)0/2) 

M = 155.955 N-m 

Me _ M(h/2) 


3 m 


R, = 103.96 K 


( fb lir.a.x 


hi i 3 
12 


_ 155.955(1000)(30/2) 
15(30 3 ) 

12 

(Ji = 69.31 MPa 


Problem 518 

A cantilever beam 4 m long is composed of two C200 x 28 channels riveted back to 
back. What uniformly distributed load can be carried, in addition to the weight of the 
beam, without exceeding a flexural stress of 120 MPa if (a) the webs are vertical and 
(b) the webs are horizontal? Refer to Appendix B of text book for channel properties. 


Solution 518 


Relevant data from Appendix B., Table B-4 Properties 
of Channel Sections: SI Units, of text book. 


Designation 

... C200 x 23 

Area 

. ... 3560 mm 2 

Width 

... 64 mm 

Sx-x — ... 

.... 180 x 10 3 mm 3 

Iv.V ..................... 

0.825 x lO nun* 

X 

14,4 mm 





a. Webs are vertical 



U) DUX 


M 


120 = 


M 


2(180 x 10 J ) 


M = 43,200,000 N mm 
M = 43,2 kN-m 


From the figure: 

M = 4zu(2) 

M = 8iy 
43.2 = 8a> 
ty = 5.4 kN/m 
w = 550.46 kg/ m 


= dead load, DL + live load, LL 
550.46 = 2(28) + LL 
LL = 494,46 kg/m 

b. Webs are horizontal 
Jtaci-. = 1W + Ari 

W = (0.S25 x 10 6 ) + 3560U4.4 I 2 ) 
Jbart = 1 563 201.6 mnr 


I = 21 tack = 2(1 563 201.6) 

I = 3 126 403.2 mm* 


(i) 


mu 


Mr 

T~ 


120 = 


M(64) 

3 126 403.2 


M = 5 S62 006 Nmm 
M = 5.S62 kN-m 


From ttie figure: 

M = 4w (2) 

M = 8uj 

5,862 = 8u? 

zv = 0.732 75 kN/m 

zv = 74.69 kg/m 

= dead load, DL + live load, LL 
74.69 = 2(28) + LL 
LL = 18.69 kg/m 



Problem 519 


A 30-ft beam, simply supported at 6 ft from either end carries a uniformly distributed 
load of intensity w 0 over its entire length. The beam is made by welding two S18 x 70 
(see appendix B of text book) sections along their flanges to form the section shown in 
Fig. P-519. Calculate the maximum value of wo if the flexural stress is limited to 20 ksi 
Be sure to include the weight of the beam. 






i- 


Figure P-5I9 


Solution 519 


Relevant data from Appendix B, Table B-S Properties 
of I-Beam Sections (E-Shapes): US Customary Units, 
of text book. 


Designation SIS x 70' 

3 103 in 5 



Load 

Diagram 


Shear 

Diagram 


Moment 

Diagram 


ifi) 


ir.xv 


M 

5 


20 = 


2(103) 


M = 412D kip-in 
M = ^ kip ft 


From the moment diagram: 
M = 22 5w 
^ = 22.5a? 
u. 1 =15.26 kip/ft 


w = dead load, DL + live load, w D 
15.26(1000) = 2(70) + w B 
w c = 15 120 lb/ ft 

w B - 15,12 kip/ft 



Problem 520 


A beam with an S310 x 74 section (see Appendix B of textbook) is used as a simply 
supported beam 6 m long. Find the maximum uniformly distributed load that can be 
applied over the entire length of the beam, in addition to the weight of the beam, if the 
flexural stress is not to exceed 120 MPa. 


Solution 520 

Relevant data from Appendix B, Table B-4 Properties 
of I-Beam Sections (S-Shapes): SI Units, of text book. 

Designation 3310x74 

S S33 x 10 s mm? 



From the shear diagram: 
| (3)(3zij) 

= 4.5o> N-m 

M 

(> W = f- 

12Q _ 4.5it>(1000) 
S33xl0 3 

w = 22,213.33 N/m 
w = 2,264.3d kg/m 


w= DL + LL 
2 264.36 = 74 + LI 
LL = 2,190.36 kg/m 
LL = 21,5 kN/m 


Shear Diagram 




Problem 521 


A beam made by bolting two CIO x 30 channels back to back, is simply supported at its 
ends. The beam supports a central concentrated load of 12 kips and a uniformly 
distributed load of 1200 Ib/ft, including the weight of the beam. Compute the maximum 
length of the beam if the flexural stress is not to exceed 20 ksi. 

Solution 521 


Relevant data from Appendix B, Table B-9 Properties 
of Channel Sections: US Customary Units, of text 

book. 

Designation CIO x 30 

S. 20.7m- 



From the shear diagram: 

Mo. = \ [(6 + 0.6L) + G](L/2) 
= 3L + 0.15I 2 


n.ix 


M 


20 ( 1000 ) = 


(3L -i- 0. 15L~)(1000)(12) 
2(20.7) 


0.1 5L 1 + 3L - 69 = 0 
L = 13,66 and -33.66 (meaningless) 
Use L = 13,66 ft 



Problem 522 

A box beam is composed of four planks, each 2 inches by 8 inches, securely spiked 
together to form the section shown in Fig. P-522. Show that I NA = 981.3 in 4 . If w 0 = 300 
Ib/ft, find P to cause a maximum flexural stress of 1400 psi. 



Figure P-522 and P-523 


Solution 522 


12 in 


m 


8 in 




-1-1- 




4 in 


8 in 


_ _ S(12 3 ) 4(B 3 ) 

ixA _ ““ 

12 12 

MA J\- a = 961.33 in 4 


EAfc = 0 

12Ri = 300(12) (6) + 3 P 


p — 

y k 

V-'o = 

300 Ib/ft 


3 

1 

L2SUL JLJ 



n 

1 1 i i Y 

1 1 

ft > 



R [ = 1S00 -I- 0.25 P R 3 = 1300 + 0.75P 



R l = 1800 + 0.25P 


12R 2 = 300(12) (6) + 9P 
R 2 = 1800 + 0.75P 

M = 4 [(1SO0 + 0.25P) 

+ (-900 + 0.25P)](9) 
M = 4050 + 2.25P lb ft 



i4[)0 = (4050 - 2.25P)(6)(12) 
9S1.33 

P = 6680.63 lb 


Check if the shear at P is positive as assumed 
-900 + 0.25P = -900 - 0.25(6680.63) 

= 770.16 lb (ok!) 

Tints, P = 6660.63 lb 


Problem 523 

Solve Prob. 522 if w 0 = 600 Ib/ft. 





Solution 523 




SM P , = 0 

12Ri = 600(12) (6) + 3 P 
R, = 3600 + 0.25P 

IMpi = 0 

12 Rt = 600(12) (6) + 9P 
Rl = 3600 - 0.75P 

M= 4 [(3600 + 0.23P) 

+ (-1SOO + 0.25P)](9) 
M = 8100 + 2.25P Ib-ft 



1100 - (3100 + 2.25P)(6)(12) 
961.33 

P = 4680.63 lb 

Check if the shear at P is 
positive as assumed 
-1S00 + 0.25P 

= -1800 + 0.25(4830.63) 

= -579.84 lb (not ok!) 


From tire actual shear diagram: 

(3600 + 0.25P) - 60Qk = 0 

3600 + 0.25P 

x= 

600 


-Mmax = 4* (3600 + 0.2 dP) 


i ( 3600 .; a25P ; (3600 + 0.25P) 


= 


600 

(3600+ 0.25P) 2 




1200 


(_/t 


Me 


(3600 + 0.25P)' 
1200 


( 6 )( 12 ) 


1400 = - 

961.33 

22 897 700 = (3600 + 0.25P) 1 
P = 4740.62 lb 




Problem 524 

A beam with an S380 &times 74 section carries a total uniformly distributed load of 3W 
and a concentrated load W, as shown in Fig. P-524. Determine W if the 
flexural stress is limited to 120 MPa. 





3W 


T I I Y Y I y 


3 m 


Ri 


Figure P-524 




R* 


Solution 524 



3W 

W 1 



S 

JJ4U t 

r 

3 m 


r 

W 1 J ll 1 III 


Ri = 2.3 W R : = 1.7W 



Shear Diagram -1.7W 


EMm = 0 

5Hi = 3W(3.5) + W(1J 
Hi = 2.3 W 

EMm = 0 

= 3W(I.5) + PV(4) 
H 2 = 1.7W 

2.3 W- U5t = 0 
jc = 2.3 m 

= 4* (2.3 W) 

1 (2.3) (Z3W) 
= 2.6451-V 


From Appendix B, Table B-3 Properties of I-Beam 
Sections (S-Shapes): SI Units, ot textbook. 

Designation 5380 x 74 

S... 1 060 x 10 1 mm 2 


(,SL = ^ 

2.645IV{1000i 
1060 x 1D ? 


W= 48 090.74 N 



Problem 525 

A square timber beam used as a railroad tie is supported by a uniformly distributed 
loads and carries two uniformly distributed loads each totaling 48 kN as shown in Fig. P- 
525. Determine the size of the section if the maximum stress is limited to 8 MPa. 



Solution 525 

0.2 m 




1 m 


0.2 m 


|" 240 kN/m 



M 


A. 5 m 
240 kN/m 


■ 


r a a 

I I I 


TT 



IFv = 0 

2Aw = 240(0.2) + 240(0.2) 
w = 40 kN/m 

(fi )-» = 

Where: f e = & MPa 
M = 6 kN m 
c = 4-Jt 

r _ _ x (a -3 ) 
12 


S = 


12 

= 2L* 4 


6(i-v)(1000 2 ) 


-L x 4 
12 A 

= 4 500 000 
X = 165.1 mm square 


Problem 526 

A wood beam 6 in wide by 12 in deep is loaded as shown in Fig. P-526. If the maximum 
flexural stress is 1200 psi, find the maximum values of w 0 and P which can be applied 
simultaneously? 


t 


p » 


eft 


6ft 


! 


R: 


Figure P-526 and P-527 


6 ft 




Solution 526 




lm e = 0 

12R X + 3(6tu c ) = 6P 
Ri = 0.5P - 1 3w c 

ZM m = 0 

12 R z = 6 P + 15(6ci.g 
R 2 = 0.5P + 7.5^ 



Where: /• = 1200 psi 

c= -^=4(12) =6 

= 6 ( 12 3 ) 

12 " 12 
= S64 in 4 


Fd’ moment at R 2 : 

12D0= 18 ^ 6 K 12 ) 
S64 

w 0 = SCO Ib/ft 


Fd’ moment under P: 


1200- ( 3JJ - 9 *Vt 6 H12) 


864 

14 400 = 3P - 9ttt, 

14 400 = 3P - 9(800) 
P = 7200 ll> 



Problem 527 


In Prob. 526, if the load on the overhang is 600 Ib/ft and the overhang is x ft long, find 
the maximum values of P and x that can be used simultaneously. 


Solution 527 



SMm = 0 

12R, + 600* (je/2) = 6 P 
= 0.5P - 25x 2 


12 R z = 6 P + 600 * (12 + 4 * ) 
Ri = 0.5P + 600* + 25** 1 



Refer to Solution o26 for values 
of c anct I. 

Fen’ moment at R< 

1 20Q= (300*-)(6)(12) 

864 

x 2 = 48 
x = 6.93 ft 

Fen’ moment under P: 

1200= (3P- 150.x- 2 )(6)g2) 
S64 

14 400 = 3P - 150*- 
14 400 = 3P - 150(6.93-) 

P = 7 201.245 lb 



Economic Sections 

From the flexure formula f b = My / I, it can be seen that the bending stress at the 
neutral axis, where y = 0, is zero and increases linearly outwards. This means that for a 
rectangular or circular section a large portion of the cross section near the middle 
section is understressed. 

For steel beams or composite beams, instead of adopting the rectangular shape, the 
area may be arranged so as to give more area on the outer fiber and maintaining the 
same overall depth, and saving a lot of weight. 



{a) Rectangular (b) Wide flange fc) I-beaT 

(W Shape) (5 Shape) 


When using a wide flange or I-beam section for long beams, the compression flanges 
tend to buckle horizontally sidewise. This buckling is a column effect, which may be 
prevented by providing lateral support such as a floor system so that the full allowable 
stresses may be used, otherwise the stress should be reduced. The reduction of stresses 
for these beams will be discussed in steel design. In selecting a structural section to be 
used as a beam, the resisting moment must be equal or greater than the applied 
bending moment. Note: ( f b ) max = M/S. 


* ' - ^hv6-loid 

(fb) max 


The equation above indicates that the required section modulus of the beam must be 
equal or greater than the ratio of bending moment to the maximum allowable stress. A 
check that includes the weight of the selected beam is necessary to complete the 
calculation. In checking, the beams resisting moment must be equal or greater than the 
sum of the live-load moment caused by the applied loads and the dead-load moment 
caused by dead weight of the beam. 


■A'fjHistuig — -^fldve-le-ad. "I" Al^ud-load 

Dividing both sides of the above equation by ( f b ) max , we obtain the checking equation 


— -’.ivc-loid ^ae-aa-lcad 


Assume that the beams in the following problems are properly braced against lateral 
deflection. Be sure to include the weight of the beam itself. 



Solved Problems in Economic Sections 


Problem 529 

A 10-m beam simply supported at the ends carries a uniformly distributed load of 16 
kl\l/m over its entire length. What is the lightest W shape beam that will not exceed a 
flexural stress of 120 MPa? What is the actual maximum stress in the beam selected? 


Solution 529 


16 k.Nfm 



Moment Diagram 


C > -’'^live-load. > 200 ( 1000") 

(AU* " 120 

Spequiied — 1,666,666.67 nun 3 
5«q-airec ^ 1 666.67 x 10 3 miri-' 

Staitmg at the bottom of Appendix B, 
Table B-2 Properties of Wide-Flange 
Sections (W Shapes): 51 Units, of text 

book, the following aie the first to 
exceed the 5 above: 

Designation Section Modulus 

W250 x 149 1 S40 x 10 3 mm 3 

W310 x IIS 1 750 x 10 3 mm 3 

W360 x 101 1 690 x ID 3 mm 3 

W41Q x 100 1 920 x 10 3 mm? 




82 kg/m 



Dead Load 

4L0 kg 



Moment Diagram 


W460 

x 39 

1 770 x 10 3 mnv 

W530 

x S5 

1 S10 x 10 3 mnv 

W610 

x 82 

1 870 x 10* mnv 

W690 

x 125 

3 500 x 10 3 mnv 


Lse the lightest section WG 10 x 82 
Checking: 

^resisting — ^lirc-lnad ^ “-1“ 

5] ;TS -]Did = 1 666.67 x 10- mm? 

1025 (9.81) (1000) 

d?c cad- Load. 

120 

= 83.79 x 10 J mm" 

Slive-leai + 5^ ad -load 

= (1 666.67 x 10 3 ) + (83.79 x 10 5 ) 
= 1 750,46 xlO 3 mnv 5 


Tlie resisting 5 of W610 x S2 is 1 370 x 10 5 mm-, ttie 5 
cine to live-load and dead-load is only 1 750.46 x 10-" 
mm 9 , therefore, the chosen section is sufficient to 
resist tlie combined dead-load and live-load. 


Actual bending moment due to dead and live loads: 

A-f LvcXpad -^deac-Laaa 

M = 200 + 1025(9.81/1000) 

M = 210.06 kN-m 


Actual stress: 



210. 06(1 OOP 2 ) 
1370 xlO 3 


= 112,33 MPa 





Problem 530 


Repeat Prob. 529 if the distributed load is 12 kN/m and the length of the beam is 8 m. 


Solution 530 


12 fctym 




^req - jirt-£ — 


-^live-load > 

<A) max 


96(1000 2 ) 

120 


^required ^ SOO X 10 5 HUH? 


From Appendix B, Table B-2 Properties 
of Wide-Flange Sections (W Shapes): SI 
Units, of text book: 


Designation 


Section Modulus 


W200 x 36 
W250 x 67 
W310 x 60 
W360 x 57 
W410 x 5 4 


353 x 1CP mm? 
306 x 10- mm 3 
349 x 10 3 mm 3 
397 x 10 3 mm? 
924 x 10 3 mm? 


W460 x 52 943 x 10 3 mm 3 


Lse tire lightest section W46Q x 60 


52 kg/m 




Moment Diagram 


Checking: 

tell: tint; — ^hve-laid - J r.#ad-l z ad 

Sirre-ioid = SOO x 10 3 mm? 

_ _ 416(9,81){100Q) 

, - J £tjd.-Laid 

120 


= 34 x 10 3 mm? 

^Irce-laad ^ dead-load 

= (300 x 10 3 ) + (34 x 10 s ) 
= S34 x 10 3 mm? 


(943 x 10 3 mm 3 ) > (334 x 10 3 mm 3 ) (ok!) 
Actual bending moment: 

? r 'f d~ - ** dear.-Load 

M = 96 + 416(9.31/1000) = 100.03 kNm 
Actual stress: 

f£ ^ _ M 100.08(1000”) 

L IP J 3 lL.\ — I - — q 

S 943 x 10 
OSp lim, = 106.13 MPa 





Problem 531 


A 15-ft beam simply supported at the ends carries a concentrated load of 9000 lb at 
midspan. Select the lightest S section that can be employed using an allowable stress of 
18 ksi. What is the actual maximum stress in the beam selected? 


Solution 531 


P = 9000 lb 


I L = 15 ft i 

R l = 4500 lb Rj = 45C0 lb 


Live Load 

Ha = ^ PL 


= 25.4 lb/ ft 


□ 


u 

.11 

a 

i*i 


L = 15 ft I 

Rj = 190.5 lb = 190,5 lb 


Dead Load 

M ma = l/3w,L J 


^req'jirtd — 


, i(OOOOK15)(12) 

(AW isooo 


5 required — — • O 1X1' 

From Appendix E>, Table B-3 Properties 
of 1-Beam Sections (S Shapes): L'S 

Customary Units, of text book: 

Use S10 x 25.4 with 5 = 24.7 in 3 


Checking: 

- r-, l: ting r Slfvfrlasd bf.«d-bid 

Si^-c-kid = 22.5 in 3 
c ^-{25 .4) (1 5~ ) (12) 

18000 
= 0.4S in s 

5li\^e-bad 4" 5 dead-load ^2.0 4" 0.43 
= 22.93 in* 

(SraabSms = 24.7 in 3 ) > 22,98 in* {ok!) 


Actual bending moment: 

- '' t -VlIj d 4 Al-daid-laid 

M = ±PL 4 iri? c L 3 
M = i (9000) (15) 4 1 (25.4)(15-) 
M = 34,464,38 lb it 


Actual stress: 


( ft ) Dr.a.< 
(ft )nr.ax 


A£ _ 34,464.38(12) 

S 24,7 

16,743.33 psi 
16.74 ksi 




Problem 532 


A beam simply supported at the ends of a 25-ft span carries a uniformly distributed load 
of 1000 Ib/ft over its entire length. Select the lightest S section that can be used if the 
allowable stress is 20 ksi. What is the actual maximum stress in the beam selected? 


Solution 532 


w„ = 1000 lb/ ft 



Live Load 

M™ = 1/3 w„L 2 


? required 


M , |q000)(25 2 )(12) 

C A)™ “ 20000 

■46.375 in 2 


From Appendix B, Table B-S Properties 
of I-Beam Sections (S Shapes): US 

Customary Units, of text book: 

Use S 15 x 42,9 with 5 = 59A 11 V 


w 0 = 42.9 \bf ft 



Dead Load 

M™ = I/S WflL 2 



Actual bending moment: 

~ ( Lve-Laad {"g ^ iX- dcsd-laid 

M = i (1000)(25-) + | (42.9) (25 2 ) 

M = SI ,476. 56 lb ft 



( fi )m.y = 16,404.65 psi 
{ fb )ec. a.y — 16-4 ksi 




Problem 533 


A beam simply supported on a 36-ft span carries a uniformly distributed load of 2000 
Ib/ft over the middle 18 ft. Using an allowable stress of 20 ksi, determine the lightest 
suitable W shape beam. What is the actual maximum stress in the selected beam? 


Solution 533 


2000 lb/ ft 





m 

n 






.■ r. ft j-T 

W*~ 3 K 

*■ lO TC * 

^ J K 1 


A*ww = 18,000(9) + i (9) (15,000) 
AW w = 243,000 lbft 
> 


5 required — 


. 243000(12) 


(A) max 
5 r , quiTC j > 145.8 in 3 


20000 


18 ,™ lb Ljw Load 18,000 lb 



From Appendix B, Table B-7 Properties 
of Wide-Range Sections (W Shapes): L'S 
Customary Units, of text book: 
Designation Section Modulus 

W12 x 120 163 in 3 

W14 x 99 157 iiv 

W16 x 89 155 in 3 

W13 x 76 146 in 3 


w 0 = 6 E lb/ ft 


vlf¥)n 

PP 

TIP 

PfI 


W24 x 65 

154 ill 3 


L = 16 ft 


R, = 1224 lb 


R, = 1224 lb 


Dead Load 

M™ = 1/8 w,L‘ 


L.se W24 x 66 with 5 = lo4 in 3 
Checking: 

^rsoistiEis — J c«d-lead 

Si^o-kad = 145.S in 3 

_ ^{6S)(36 2 )(12) 
d “ 4W 20000 

= 6.61 in 3 

Siivc-kid + = 145. S -i- 6.61 

= 152.41 in 3 

(5^,-^ = 154 in 5 ) > 152.41 in 3 (ok!) 


Actual bending moment: 

Af]jivload ^ ^djpod-laid 

Af = 243,000 + | (68) (36*) 
M = 254,016 lb- ft 


Actual stress: 



254,016(12) 

154 


( h = 19,793.45 psi 
(*)»„ = 19.79 kai 





Problem 534 


Repeat Prob. 533 if the uniformly distributed load is changed to 5000 Ib/ft. 


Solution 534 


5500 lb/ ft 


UA 


= 45,000(9) + ± (9) (45,000) 

Mi-j^ = 607,500 lb- ft 

jU > <*>7500(12) 


^req-jircd — 




9 ft IS 


ft *|^ 9 ft ^ 


(A) max 

? inquired — 364.5 in 3 


20000 



^fS.QDC lb 


From Appendix B, Table B-7 Properties 
of Wide-Range Sections (W Shapes): L'S 
Customary Units, of text book: 
Designation Section Modulus 

W12 x 279 393 m 3 

W14 x 233 375 m 3 

W24 x 146 371 m 3 

W27 x 146 411 m 3 



Dead Load 

M mK = 1/8 w 0 L 2 


Checking: 

6 r=M:=rL± — 5]:ve-]oid bceaa-lc-id 

Siirt-ioid ^64. 5 in 3 

i{130)(36 2 )(12) 




■k ;A 


= i_ 


(S 


20000 
= 12.636 in 3 

J];-re-]Did "k 364.0 "k" 12.636 

= 377.1:36 in 3 
reiurji^ = 406 in 3 ) > 377.136 in 3 (ofcJ) 


Actual bending moment: 

34 - * 1 Lh^e-lc-ad 3d£ Ea ^_] a - J 

M = 607,500 - (130) (36-) 

M = 628,560 lb-Jft 


Actual stress: 



628,560(12) 

406 


( h )nu* = 13 , 078,13 psi 
(>. )»■.« = 16.58 ksi 





Problem 535 


A simply supported beam 24 ft long carries a uniformly distributed load of 2000 Ib/ft 
over its entire length and a concentrated load of 12 kips at 8 ft from left end. If the 
allowable stress is 18 ksi, select the lightest suitable W shape. What is the actual 
maximum stress in the selected beam? 


Solution 535 


|_ft I 12,00!} lb 

f 2000 


Ib/ft 


u 

m 



□ 


□ 



D 



□ 

J 



2^ ft 

Rj = 32,000 lb R 2 = 28,000 !b 


Live Load 



SMe2=0 

24Ri = 16(12 000) + 2000 (24) (12) 
Ri = 32,000 lb 


EMei = 0 

24Ri = 8(12 000) + 2000(24) (12) 
Ra = 28,000 lb 

x _ 16— x 
2S000 ” 4000 

4000a- = 2S 000(16 - x) 

32 OOOa = 448 000 
x = 14 ft 


Adfivt-w = (28 000) = 4 (14) (28 000) 

jVWw = 196,000 lb ft 


c . "■ ~ r± live-lead 

J required — " “ — 


196000(12) 

18000 


2 130.67 ill 3 



From Appendix B, Table B-7 Properties of Wide- 
Flange Sections (W Shapes): US Customary 

Units, of text book: 

Designation Section Modulus 

W12 x 96 131 in 3 


W14 x 90 
W16 x 77 
W1S x 76 


143 in 3 
134 in 3 
146 in 3 


W21 x 68 140 in 3 


W24 x 62 131 in 3 


Tiy W24 x 62 with 5 = 131 in 3 


62 lb/ ft 


If l| 


L 

t i 

f 1 




t t 

'r,= 7441b R 2 = 744 lb 

Dead Load of W24 * 62 


7*4 lb 


x = 14ft 



Shear Diagram 


68 lb/ ft 


-744 lb 


■ 

■ 


Tj 

r V V 1 


□ 


riflfft 



24ft 

R L = SLS?b R-, = SIS lb 



Checking: 

— - 3 Ixrc-laaJ - 3 dcad-.oaz 

? lit^e-Lc ad 130«67 HI" 

^ ; y = 124 lb 

2 12 ' 

At critical section: 

M ici dAaaA = ^{744 + 124)(10) 


-^dead-Lcad 


= 4340 lb ft 
_ 4340(12} _ . 


= 2,89 in- 


lS 000 

5ii«.ic»d + = 130.67 + 2,89 

= 133.56 in 3 

(SrratinG = 131 in 3 } < 133,56 in 3 (not ok!) 
Try W21 x 68 with S = 140 in 3 
Checking: 

SjMistu-ig — Slivt-Load 4" (i=ad-loa_-. 

= 130.67 ill 3 
y = S16 
2 


: 1/ = 136 lb 


12 

At critical section: 

M dMdJnMl = j <816 + 136)(10) 

= 4760 lb ft 

C _ 4760(12) _ 

6*Md-W “ “ 3.1/ Ill- 


Shear Diagram 


IS 000 





S|ims-lcad + ^d- id -(cad - 130.67 + 3,17 
= 133.84 in 5 

f5. „^„ r = 140 in*) > 133,84 in* (ok!) 

Use W21 x 6S 

Actual bending moment: 

±M = + xMd EJ d-]oid = 196.000 + 4,760 

M = 200,760 lb- ft 

Actual stress: 

_ xM 200,760(12) 

( /i = 17,208 psi 
(A W = 17.208 ksi 


Problem 536 

A simply supported beam 10 m long carries a uniformly distributed load of 20 kN/m 
over its entire length and a concentrated load of 40 kN at midspan. If the allowable 
stress is 120 MPa, determine the lightest W shape beam that can be used. 


Solution 536 


5 m 


^OScN 


r 


■ } 

20 fctym 


a 

1 1 1 1 ^ | 

ii 




10 m 


Rj = 120 kN 


Ri = 120 kN 



-120 kN 


Miivs-iMd = 4 (120 + 20) (5) 


= 350 kN m 


S 


TCqiXItd. 


> 


^liuE-load 

(A) 




350(1000 2 ) 

120 


> 2,916.67 x 10 3 mm 3 


From Appendix B, Table B-2 
Properties of Wide-Flange Sections 
(W Shapes): SI Units, of text book: 
Designation 
W310 x 202 
W360 x 179 
W460 x 144 
WS3G x 138 


Section Modulus 
3,050 x 10 3 mm? 
3,120 x 10 3 mm* 
3,080 x 10 3 mm? 
3,140 x 10 3 mm* 


W610 x 125 3,220 x 10 3 mm? 

W690 x 125 3,500 x 10 3 mm* 




W610 x 125 has a theoretical mass of 125.1 kg/m 
while W690 x 125 has a theoretical mass of 125.6 
kg/m. Thus, use W610 x 125 with S = 3,220 x 1CP 
nun 5 , 


w 0 = L25.1 icg/m 

Tim. ii. iiiui.i, 

L L = 10 m i 

Rl =625.5 kg R 3 = 625.5 kg 

Dead Load 

M™, = m w*L 2 


Checking: 

— ^live-lDid -’dsad-load 

= 2.916.67 x 10* mm 5 

■i ( 125.1 ) (9.S1 ) ( 10 “ ) (1000 ) 




Id a £ 


= s' 


120 

= 127.S4 x 10 3 mm. 3 

T]^rc-]oid J iead-laad 

= (2,916.67 x 10 3 ) +- (127.S4 x 10 5 ) 
= 3,044.51 x 10 3 mm 3 


(S xraitme = 3,220 x IQ 3 mm 3 ) > 3,044.4 x 10 3 mm 3 (ok!) 




Floor Framing 

In floor framing, the subfloor is supported by light beams called floor joists or simply 
joists which in turn supported by heavier beams called girders then girders pass the 
load to columns. Typically, joist act as simply supported beam carrying a uniform load 
of magnitude p over an area of sL, 

where 

p = floor load per unit area 
L = length (or span) of joist 
s = center to center spacing of joists and 
w 0 = sp = intensity of distributed load in joist. 


s 




Solved Problems in Floor Framing 


Problem 538 

Floor joists 50 mm wide by 200 mm high, simply supported on a 4-m span, carry a floor 
loaded at 5 kl\l/m 2 . Compute the center-line spacing between joists to develop a 
bending stress of 8 MPa. What safe floor load could be carried on a center-line spacing 
of 0.40 m? 


Solution 538 

W = c i<E kN^TI 

ii L=4m 

R l = 10s ScN R 2 = 10s m 

Load Diagram 

M mH = 1/0 w*L 2 



Cross-Section 


via = 0.4p kN/m 



Load Diagram 

HmK = 1/a w c L r 


Part 1: 



where: ( f b = 8 MPa 

Ss)C^) 

= 10s kN -m 
c = h/2 
= 200/2 
= 100 mm 



_ 50 (200 3 ) 

12 

= 33.33 x 10 E mm* 
10g(100){100Q-) 

33.33 xlG 6 
s = 0,267 m 

Pu t 2: 



where: M = L- 

= i(0.4p)(42) 
= O.Sp 

0.8p(l00K10OQ 2 ) 
33,33xl0 6 
p = 3.33 kN/m 2 




Problem 539 


Timbers 12 inches by 12 inches, spaced 3 feet apart on centers, are driven into the 
ground and act as cantilever beams to back-up the sheet piling of a coffer dam. What is 
the maximum safe height of water behind the dam if water weighs = 62.5 lb/ft 3 and ( f b 

)max = 1200 psi? 


Solution 539 

Timbei 



■-> 4 + It 4 + 



3ft 


w a = 62.5h lb/ft- 

F = \ wJi (3) 

F = 1 (62.5h)h 
F = 93.75/1- lb 

M = (±h)F 
M = § h (93.75/I 1 ) 

M = 31.25?? 5 lb ft 

(^U = T 

1 

12po - 31.25fi s (12)(12/2] 
12(12 3 ) 

12 

h = 9.73 ft 


Problem 540 

Timbers 8 inches wide by 12 inches deep and 15 feet long, supported at top and 
bottom, back up a dam restraining water 9 feet deep. Water weighs 62.5 lb/ft 3 . (a) 
Compute the center-line spacing of the timbers to cause f b = 1000 psi. (b) Will this 
spacing be safe if the maximum f b , ( f b ) max = 1600 psi, and the water reaches its 
maximum depth of 15 ft? 



Solution 540 


Rut (a) 

as, = 62. 5 (9s) 
w c = 362.5s lb/ft 



F,.= fzu(9) 

F,. = 4 (562. 5s) (9) 
F„ = 2531.25s lb 


IMk = 0 
151fc = 12F„ 

15Ri = 12(2531. 25s) 
Eh = 2025s 


EMpj. = 0 

15Ri = 3F„ 

15R! = 3(2531. 25s) 

Ri = 506.25s 

Location of Maximum Moment 
1 / _ 562.5s 
1 9 

y = 62.5s 

506.25s - 3 - Jty = 0 

506.25s - f .v (62.5s.i-) = 0 

jc 2 = 16.2 
x = 4.02 ft 



8,531.25 ?b 



17 , 062.5 lb 

Shear Diagram 


Maximum Moment 
M = (506. 25s) (6) + 1 (i)(506-25s) 

M = 3037.5s + 337.5(4. 02s) 

M = 4394.25s 


Required Spacing 

10 00-J? 9i25s ( 12 *( 12 / 2 ) 


3(12") 

12 


s = 3.64 ft 


Part (b) 

w e = 62.5(15)0.64) 
zv c = 3412.5 lb/ ft 

3,64' 3.M' 


Ri 



R, = 3412.5 lb 

Pressure Diagram 


F k . = jW 0 (1d) 

F,. = | (3412.5) (15) 
F a . = 25,593.75 lb 

SWei = 0 

15Ri = lOFa, 

15Pz = 10(25 593.75) 
Ih = 17,062.5 lb 



1Ms2 = 0 

15Ri = 5F* 

1 5Ri = 5(25 593.75) 
R l = 8,531.25 lb 


Location of Maximum Moment (Shear = 0) 
\j_ _ 3412.5 

x 15 
y = 227.5jc 

3531.25 - T-Jty = 0 

8531.25 — 4 ^(227.5.r) = 0 

x~ = 75 

x = 8.66 ft 


Maximum Moment 
M= 1 48531.25) 

M = § (3. 66) (8531.25} 
M = 49,255.19 lb ft 


Actual Stress 



.. _ (49 255.19)(12)(12 / 2) 

' 8 ( 12 3 ) 

12 

& = 3,078.36 psi > 1600 psi 


Therefore., the 3.64 ft spacing of timbers is not 
safe when water reaches its maximum depth of 
15 ft. 



Problem 541 

The 18-ft long floor beams in a building are simply supported at their ends and carry a 
floor load of 0.6 lb/in 2 . If the beams have W10 x 30 sections, determine the center-line 
spacing using an allowable flexural stress of 18 ksi. 

Solution 541 


= (0.6 lb/in 2 )(12 in/ft)-(s ft) 
= S6.4s lb/ft 



Ri = Ki= \ (86.4s) (IS) 
= 777.6s lb 


Mjik = 777.6s (9) - 86.4s (9) (4. 5) 

= 3499.2s lb ft 

Fi'om Table B-7 ill Appendix B of textbook: 

Properties of Wide-Flange Sections (W- Shapes): US 

Customary limits. 

Designation Section Modulus, S 

W10 x 30 32.4 in 3 


*- 


M 

S 


13,000 = 


3499.2s (12) 


s = 13.9 ft 


32.4 




Problem 542 


Select the lightest W shape sections that can be used for the beams and girders in 
Illustrative Problem 537 of text book if the allowable flexural stress is 120 MPa. Neglect 
the weights of the members. 



Figure in Illustrative Problem 537 


Solution 542 

For Beams [B - 1) 

Total Load, W= 5(2x4) 

= 40 kN 

Distributed Load, io B = W/L = 40/4 
= 10 kN/m 

Hi =Ri= |W= 4(40) 

= 20 kN 

M m3X =R L (L/2)-lO(L/2)(L/i) 

= 20(4/2) - 10(4/2) (4/ 4) 

= 20 kNm 






From Appendix B, Table B-2 Properties of Wide- 
Flange Sections (W Shapes): SI Units, of text 

book: 

Designation Section Modulus 

W130 x 2S 167 x 103 


W150 x 24 168 x 10 3 mm 3 

W200 x 22 194 x 10 3 min 3 

W250 x IS 179 x lO 3 nim s 


Consider W250 x IS with S = 179 x 10 3 mm 3 


vw*»a = 18[9.81/1MJ0) 



S, 35316 kN 0.35316 kN 


Dead Load 

M™ = 1/8 w„ L 1 


Checking: 

Ore^L^tirig 2 S|jve-lcad ^ Sdear.-laaa 


Wtm* = 179 x 10 3 nun 3 
Sircc-imd = 166 666.67 nun? 


«. , = AW tor, = [~g i0.1765S)(4 : )]1000 

W fy. 120 


= 2.943 mm 3 

179 x 10 3 > 166 666.67 + 2.943 
179 x 10 3 > 166 .67 x 1 0 3 {ok!) 


Use W250 x 18 for £-1. 


20 kN 20 kN 



For Girder (C - 1) 


^Irvc-load 


_ M _ 40(1000 2 ) 


h 120 

= 333.33 x 10- nun 3 


From Appendix B, Table B-2 
Properties of Wide-Flange Sections 
(W Shapes): SI Units, of text book: 
Designation Section Modulus 

W200 x 36 342 x 10 3 nun 3 

W250 x 33 379 x 10 3 nun 3 

W310 x 28 351 x 1(7 nun 3 


Consider W310 x 28 with 
S = 351 x 10 3 nun 3 






= 28(9.81) 

= 274. 6S N/m 



Checking: 

— ^required ^mra-wag^i£ 

Supplied = 1790 x 10- mm 3 
Sjjq^d = 333.33 x 10 5 mm 3 


vr 

c = ^^owiirwieight 

^cwn-Tvcds^it 

Jb 


_ [1 (274.63) (6 2 )](1000) 
120 

= 10 300,5 mm 3 


1790 x ID 3 > (333.33 x 1(F) + 10 300.5 
1790 x IQ 3 > 343.63 x 1(F (del) 

Use W310 x 28 for G-l. 


Fo-r Bhuis (B — 2) 


20 kN 



SMjtz = 0 

6Ri = 20(4) + 10(2)(5) + 15(4){2) 
Rl = 50 kN 

Bti = 0 

6uR s = 20(2) + 10(2)(1) + 15(4) (4) 
it = 50 kN 


Location of Maximum Moment 
x = 4-x 
50 10 

lO.v = 200 - 50x 


M™ = j(f )(50) 
= kN-m 


= M = ^p(1000 : ) 

h 120 

= 695 x IQ 3 mm 3 




From. Appendix B, Table B-2 Properties of Wide 
Flange Sections (W Shapes): SI Units, of text book: 
Designation Section Modulus 

■O 


W200 x 71 

709 

x 10 s mm 3 

W250 x 67 

S06 

x 10 3 mm 3 

W310 x 52 

747 

x 10 3 mm 3 

W360 x 51 

796 

x 10 3 mm 3 

W410 x 46 

773 

x I0 3 mm? 


Consider W410 x 4b with 5 = 773 x ltP mnT 


Checking: 

■- 1 supplier. — ‘-’jtqTiirtd. b’own n 1 Light 

Snxp pb=d = 773 x 10 5 irun 3 
5 q hit ec x 10^ ,mm- 

^ _ ■^xjwn-w-eigjht 

wOV.T.-V-eLC^-lt -- “ 

A 

_ ^-(451.26)(4 2 )(1000) 
120 

= 7521 mm 3 

Sreq-Jiici + Sov.-Tl-iv-lsIlT = (695 x 10 5 ) + 7521 
= 702 521 mm? 

(S,uj V ^d = 773 x: IQ 3 mm 3 ) > 702 521 mm 3 (ok!) 
Use W410 x 46 for B-2 

For BeAmf (B - 3) 

M m = j(2D)<6?) 

= 90 kXm 

c . — 

- J r*Q„urcr. I 

ft 

_ 90(1000-) 

120 

= 750 x 10 3 mm 3 



Wflpin-weWt 46(9.81) 

= 451.26 N/fn 



Mmn = 1/8 We L 2 


M„„ k = 1/8 We L 2 





From Appendix B, Table B-2 Properties of Wide 
Flange Sections (W Shapes): SI Units, of text book: 
Designation Section Modulus 


W200 x 86 
W250 x 67 
VV310 x 60 
W360 x 31 


853 x l(P mm 3 
806 x 10- mm 3 
849 x 10' mm 3 
796 x 10’ nun? 


W410 x 46 773 x 10- nun 3 


Consider W410 x 46 with S = 773 x 10- mm 3 


From the Checking of B - 2 

Sawn.'WQg^it 7 52 1 mm? 

Sreqairca + Scv.T.- rt -=L S K: = (750 X 10=) + 7521 
= 757 521 mm 3 

773 x 10 3 mm?) > 757 521 mm 3 (ok!) 

Use W410 x 46 for B-3 

Tins section is the same to B- 2 


60 kM 60 kN 



For Girders G - 2 

= M _ 120(1000 2 ) 

fb 


c - = 

^Tequ^ed 


120 

= 1000 x 10= nun 3 


From Appendix B, Table B-2 
Properties of Wide-Flange Sectiorts 
(W Shapes): SI Units, of text book: 
Designation Section Modulus 


W250 x S9 
W310 x 74 
W360 x 64 


1100 x 10 3 mm 3 
1060 x 10 3 mm 3 
1030 x IQ 3 nun 3 


W410 x 60 1060 x 10 3 mm 3 

W460 x 60 1 120 x 10 3 nun 3 


There are two options, both exceeds tire required S of 
1000 < 1CP mm 3 , One is W410 x 60 with theoretical 
mass of 59,5 kg/ m and the other is W460 x 60 with. 











Problem 543 

A portion of the floor plan of a building is shown in Fig. P-543. The total loading 
(including live and dead loads) in each bay is as shown. Select the lightest suitable W if 
the allowable flexural stress is 120 MPa. 


ZL 


- Wall 



Solution 543 


w 0 = 22.5 fcN/m 


L = 5 m 

Rj = 56.25 kN R, = 56.25 kN 


Member B - 1 

l“W = 1/8 L 2 


For Member B - 1 

s « 

-■require r. 

A 

_ j(22.5)(5 : )(1000 2 ) 

120 

= 586 x 10 3 nun 3 

From Appendix B, Table B-2 Properties 
of WideTl ange Sections (W Shapes): SI 
Units, of text book: 


Use W410 x 39 with S = 6B4 x 10 3 mm 3 
for member' 5-1. 






re * mm. 






Unsymmetrical Beams 

Flexural Stress varies directly linearly with distance from the neutral axis. Thus for a 
symmetrical section such as wide flange, the compressive and tensile stresses will be 
the same. This will be desirable if the material is both equally strong in tension and 
compression. However, there are materials, such as cast iron, which are strong in 
compression than in tension. It is therefore desirable to use a beam with unsymmetrical 
cross section giving more area in the compression part making the stronger fiber 
located at a greater distance from the neutral axis than the weaker fiber. Some of these 
sections are shown below. 



The proportioning of these sections is such that the ratio of the distance of the neutral 
axis from the outermost fibers in tension and in compression is the same as the ratio of 
the allowable stresses in tension and in compression. Thus, the allowable stresses are 
reached simultaneously. 

In this section, the following notation will be use: 

f bt = flexure stress of fiber in tension 
f bc = flexure stress of fiber in compression 
N.A. = neutral axis 

y t = distance of fiber in tension from N.A. 
y c = distance of fiber in compression from N.A. 

M r = resisting moment 

M c = resisting moment in compression 

M t = resisting moment in tension 



Solved Problems in Unsymmetrical Beams 

Problem 548 

The inverted T section of a 4-m simply supported beam has the properties shown in Fig. 
P-548. The beam carries a uniformly distributed load of intensity w 0 over its entire 
length. Determine wo if f bt < 40 MPa and f bc ^ 80 MPa. 



Figure P-548 


Solution 548 


| tc, U 

= 2w„ 



Mi = 


40(30 xlO 6 ) 
SO 



Rj R: 

Member B - 1 

M™. = 1/8 w„ L 1 


= 15 000 000 Is nun 
= 15 kN mm 


„ _ 30(30x10°) 

± VLr 

200 

= 12 000 000 K-mrn 
= 12 kN-mm 


TLie section is sponger in tension and weaker in 
compression, so compression governs in selecting the 
maximum moment. 

iVl. 

2w . = 12 

‘io, = 6 kN/m 




Problem 549 


A beam with cross-section shown in Fig. P-549 is loaded in such a way that the 
maximum moments are +1.0P lb-ft and -1.5P lb-ft, where P is the applied load in 
pounds. Determine the maximum safe value of P if the working stresses are 4 ksi in 
tension and 10 ksi in compression. 



I HA = L92 in;' 

Figure P-549 


- N.A. 


Solution 549 

At M = +1.0P lb-ft the upper fiber is in compression 
while the lower fiber is in tension. 

M = A£ 

M = &- 

V 

Far fibers in compression (upper fiber): 

, f _ 10 (192) (1000) 

2.5 

1.0P = 76S 000 lb in 
1.0P = 64 000 lb-ft 
P = 64 000 lb 

For fibers in tension (lower fiber): 

,, = 4(192) (1000) 

4 

1.0P = 192 000 lb in 
1.0F = 16 000 lb-ft 
F = 1 6 000 lb 

At M = -1.5F lb-ft, die upper fibei’ is in tension while 
the lower fiber is in compression. 

M = M r 



Fen’ fibers in compression (lower fiber); 
_ 10 (192) (1000) 

4 

1.5P = 430 000 lb-in 
1.5P = 40 000 lb- ft 
P = 26 666.67 lb 

Fed’ fibers in tension (upper fiber): 
v = 4(192)(1000) 

2.5 

1.5P = 307 200 lb in 
1.5P = 25 600 lb ft 
P = 17 066.67 lb 


The safe load P = 16 000 lb 


Problem 550 

Resolve Prob. 549 if the maximum moments are +2.5P lb-ft and -5. OP lb-ft. 

Solution 550 


At M = +2.5P 

M = 10(192)q000} 
2.5 

2.5P = 763 000 lb in 
2.5P = 64 000 lb-ft 
P = 25 600 lb 

M _ 4(192) (1000) 

2.5P = 192 000 lb-in 
2.5P = 16 000 lb-ft 
P = 6400 lb 

At M = — 5 .OP lb-ft 

H _ 10(1921(1000) 

5. OP = 4S0 000 lb-in 
5. OP = 40 000 lb-ft 
P = 8000 lb 


-> tipper fiber 


-> lower fiber 


-> lower fiber’ 


, f _ 4(192X1000) 
2.5 

5. OP = 307 200 lb-in 
5. OP = 25 600 lb-ft 
P = 5120 lb 


-> tipper fiber 


Use P = 5120 lb 



Problem 551 


Find the maximum tensile and compressive flexure stresses for the cantilever beam 
shown in Fig. P-551. 


4 kN/m 

'■ 

ILL 

r y_x_ 

'UL2 LJ r '•LJf t 3 


! 1 ■ 

i 6 m 

t 


LO kti 


Figure P-551 


I 1 



Z 


PJ.A. 


* 


130 mm 


200 mm 




Iw. = 100 X 10‘ mm' 


Solution 551 



12.5 kNm 



-12 kW-m 


M = 4(6) (3) - 10(6) 
= 12 kNm 

R = 4(6) - 10 
= 14 kN 

x _ 6—x 
10 14 

lix = 60 - 10a: 
a = 2.5 m 


fi = 


My 

I 


AtM = +12.5 kNm 

. = 12. 5 (130) ( 1000 2 ) 

100 xlO* 

= 16.25 MPa -> tipper fiber 
. = 12.5 (200) qOOO 2 ) 

100 x 10* 

■ 25 MPa -> lower fibs' 


At M = -12 kN-rn 

. = 12(200)(1000 2 ) 
lQOx 10 & 

= 24 MPa -> lower fiber 
. _ 12(130)(1000 : ) 

100 xlO 6 

= 15.6 MPa -> upper fiber 

Maximum flexure stresses; 

f tc = 24 MPa at the fixed aid 

fa = 25 MPa at 2.5 m from the free end 


Problem 552 

A cantilever beam carries the force and couple shown in Fig. P-552. Determine the 
maximum tensile and compressive bending stresses developed in the beam. 



6 In 

In* = 90 in 1 


Solution 552 




J1 = 5 kip 
M = 5(8) - 30 
= 10 kip-ft 

I 

At Ivi = +10 kip-ft of moment diagram 

r _ 10(6)(12) 

~ 90~ 

= 8 ksi 

r _ 10(2) (12) 

= 2.67 ksi 


-> tipper fiber 


-) lower fiber 


AtM = -20 kip-ft of moment diagram 

r _ 20(2) (12) 

the 

90 

= 5.33 ksi -> lower fiber 

f - M(6)(12) 

fit- — 

90 

= 16 ksi -> upper fiber 

Maximum bending stresses: 
fbc = 8 ksi 
fa = 16 ksi 





Problem 553 


Determine the maximum tensile and compressive bending stresses developed in the 
beam as shown in Fig. P-553. 


1500 lb 



M = 4500 !b-ft L 1 

1 j 

(2.5 in 

6 ft 1 

i 6ft n*- 

N A 


3.0 in 

XL ■ J 




Figure P-553 Fh U = 96.0 in' 1 


Solution 553 



IMsi = 0 

15Ri + 4500 = 1500(9) 
Jli = 6001b 

IM a i=0 

15Jh = 1500(6) + 4500 
Rz = 900 lb 



AIM = +3600 lb ft 

, _ 3600(2, 5) (12) 

* 

= 1125 psi -> upper fiber 


_ 3600(3, 0)(12) 
fit- ■ 


96.0 
= 3600 psi 


-> lower fiber 


At M= -1800 lb ft 
.. _ 1S00(S,0)(12) 

■ L 5^5 — 

= 1300 psi -> lower fiber 
r _ 1800(2. 5)(12) 

■' fc m„; 

= 562.5 psi -> upper fiber 

MAxintitin flexure stresses 
f bc = 1800 psi 
fte = 3S00 psi 



Problem 554 

Determine the maximum tensile and compressive stresses developed in the 
overhanging beam shown in Fig. P-554. The cross-section is an inverted T with the 
given properties. 


16G0 lb 

I 

' 

i — 4 

I 3ft 


Rl 


4QDC lb 

I 




Figure P-554 



7 in 


2 in 


Solution 554 


Safe = 0 

12fii = 1600(15) + 4000(6) 
Ri = 4000 lb 


im + 1600(3) = 4000(6) 
R z = 1600 lb 


1600 lb 1 4000 lb 


1 


1 6 ft 

L 6ft J 


Rj = 40QC lb Rj = 1600 lb 


Load 

Diagram 


i 

i 

i 

u 

1 

E 

P 

2400 lb 


Shear 
| Diagram 




-1600 It 

) 

-1600 lb 



Moment 
Diagram 

—4800 Sb ft 





My 


I 


At M= -4800 lb- ft 
, _ 4300(2)(12) 

84 

= 1371.43 psi -> lower fiber 
. _ 4800(7) (12) 

lei - — 

84 

= 4800 psi -> upper fiber 


At M = +9600 lb- ft 
_ 9600(7) (12) 

S4 

= 9600 psi A upper fiber 


, _ 9600(2) (12) 

S4 

= 2742. S6 psi -> lower fiber 


Maximum flexure stress: 
fic ~ 9600 psi 
ft* = 4S00 psi 




Problem 555 


A beam carries a concentrated load W and a total uniformly distributed load of 4W as 
shown in Fig. P-555. What safe value of W can be applied if f bc < 100 MPa and f bt < 60 
MPa? Can a greater load be applied if the section is inverted? Explain. 



N.A. 


mi 

I---*' 


75 mm 


125 mm 


La = 24 x 10* mm -1 



Solution 555 




[ ZMf. 2 = o ] 4Ri = S W ■ + 4W(2) 
Rl = 3.51V 

[ EMm = 0 ] 4Rz + Z W= 4W(2) 

R 2 = 1.51V 

* _ 4-x 

2.5W 1.5W 

1 ,5Wx = 10IV 2.51'Vx 
i = 2.5 m 

A I 
At M = -21V 

For lower fiber, f K £ 100 MPa 
10C _ 2W(125}(1000) 

24x10* 

W= 9600 N 

For upper fiber, fit £ 60 MPa 
{]Q _ 2W(75)(1QOO) 

24xl0 6 
IV= 9600 N 


At M = 1.1251V 

For upper fiber, fi- < 100 MPa 
1CC _ 1.125W(75)(1000) 
24 x 10° 

W - = 28,444.44 X' 

For lower fiber, f„ t < 60 MPa 

1.125W(125)(10C0) 

□0 — 

24x10* 

W= 10,240 X 


For safe load W, use W= 9G00 N 


Discussion: 

At W = 9600 N, the allowable ji in tension and 
compression are reached simultaneously when M = 
-2 W. This is Hie same even if the section is inverted. 
Therefore, no load can be applied greater dian TV = 
9600 X", 



Problem 556 


A T beam supports the three concentrated loads shown in Fig. P-556. Prove that the NA 
is 3.5 in. above the bottom and that I NA = 97.0 in 4 . Then use these values to determine 
the maximum value of P so that f bt < 4 ksi and f bc < 10 ksi. 


P 3P P 



1 in 

M 



I* — 4 in 1 J 


Solution 556 
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1 In 

1.5 in [**{ 1.5 in 
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m 



W/ 



W/ 




Wi 






■5 


W 





1 in 

1.5 inM 1.5 in 
1 inf 


1 in 




Al = 9(4) = 36 in 2 
Ai = 9(1,5) (2) = 27 in? 

A 3 = 1(1,5)(2) = 3 in 2 
A = A 1 - Ai + A 3 
= 36-27 + 3 
= 12 in- 

Ay = LA, 1/ 

12y = 36(4.5) - 27(4.5) + 3(0.5) 
y = 3.5 in (ok!) 






j _ 4(9 3 ) ^ 1.5(9 3 ) _ ^ 1.5(1 3 ) 

i.v _ ■ _ ■ 

3 3 3 

I, = 244 ill* 


By transfer formula for moment of inertia: 
L = Ixa + Ad 1 
244 = I MA + 12(3.5)- 
J NA = 97 in* (ok!) 


P 3P P 


1 

1 

r i 



J 

>1 

♦ft 

Rj = 

6ft 1 
2.SP 

6ft 

Ri = 

4ft 1 
2.5P 



By symmetry: 

Rl = R 2 = 2.5P 


ft = 


Mv 


At M = -4P lb- ft 

Lower fiber is in compression: 
_ 4P (3.5) (12) 


10,000 


97 


P = 5773.81 lb 
Upper fiber is in tension: 

' 4000 =^- 3 5 )d 2 ) 


97 


P = 1469.7 lb 


At M = 5P lb- ft 

Lower fiber is in tension: 

4000 = 4P ^U2) 

97 

P = 2309.52 lb 

Upper fiber is in compression 

‘ 10,000 = «*»-»««> 

97 

P = 3674.24 lb 


For safe value of P, use P = 14(59.7 lb 



Problem 557 

A cast-iron beam 10 m long and supported as shown in Fig. P-557 carries a uniformly 
distributed load of intensity wo (including its own weight). The allowable stresses are f bt 
< 20 MPa and f bc ^ 80 MPa. Determine the maximum safe value of wo if x = 1.0 m. 


to m *1 


r 

1 


T 

JLJ, 

r 

rjfrjr 

n 

n 

JL Lr* 


M i 


L K 


Ri fc 



Iha = 36 * 10^ mm H 


figure P-557 and P-558 


Solution 557 


10 m *] 



By symmetry: 

R l = R 2 = ± (lto D ) 

= SOfr, 


My 



At M = -0.5 h?„ x 2 N-m 
when i = 1 m, M = — 0.5a>, N-m 

For fiber in compression (lower) 
o 0 _ 0.5a» o (50)(1000) 

36x 10 c 

jv„ = 115 200 N/m 
w B - 115.2 kN/m 
For fiber in tension (upper) 

2Q= 0.5^(180) (1000) 
36x10“ 

!i! 0 = SO00 N/m 
= 3 kN/m 

At M = -0.5a-’,, .r 2 + 0.5 hj o (5 - xj 2 N-m 
when i = lm,M = 7.5w e N-m 

For fiber in compression (upper') 
on _ 7.5a ; (lSQ){1000) 

36x 10 6 
Wc = 2133.33 N/ m 
ii! 0 = 2.13 kN/m 


For fiber in tesnion (lower) 
2Q= 7.5 b? 6 (50)(1000) 
36x10“ 

iv, = 1920 N/m 
zv, = 1.92 kN/m 


For safe load zv„ use w a = 1.92 kN/m 




Problem 558 


In Prob. 557, find the values of x and w 0 so that w 0 is a maximum. 

Solution 558 

From Solution 557, tension governs at both positive 
and negative maximum moments. 

AtM = -0.5zivr 2 N-m: 

nQ= □ . 5n/gX 2 ( 180 ) ( 1000) 

36x10* 
iv, = 8000/x 2 

At M = -O.Sa’i, x 2 + 0.5»j d (5 - x) 2 Nm 

_ [~0.5a> c x 2 + 0.5m, (5 ■ - x) 2 3(5Q)(1QOO? 
36x10* 

14 400 = -0.5h>„ x 2 + 0.5h> o (5 - x) 2 
28 800 = -iv, x 2 + it’ 0 (5 - x) 2 
28 800 = -u>„ x- + h?,{25 — IQx + x 2 ) 

28 800 = -w, x 1 + (25 - 10x)a>„ + w B x 2 
23 800 = (25 - 10x)w a 
28 800 = (25 - 10x)(8 000/x-) 

(28 SOOx 2 / 8000) = 25 - 10x 
^x 2 = 25-10x 

18x 2 = 125 - 50x 
18x z + 50x - 125 = 0 
x = 1.59 m and -4.37 (meaningless) 
rise x = 1.59 m 


zv, = 8000 / 1.59 2 
w, = 3164.43 N/m 
a’j = 3,16 kN/m 



